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Vortices & turbulence
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Outline

o From vortices to turbulence

@ (T ~ 0K) The Gross-Pitaevskii (GP) model
@ (T ~ 1K) Coupling Euler and Navier-Stokes equations
@ (T ~ 1K) Coupling Vortex Lines and Navier-Stokes equations
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Vortices & turbulence
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Vortices in classical (or normal) fluids

velocity-pressure — vorticity

Aircraft trailing vortices

Vortex rings (Etna volcano)



Vortices & turbulence
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Classical Turbulence (Navier-Stokes equations)

(movie) normal incompressible fluid
V'Vn - 0,

1
% +Vp-VV, = —EVpn + vpAvy,.
Universal definition???
(i) 3D rotational velocity w = V x v, . =
(il) random space/time fluctuations, Bow River Falls 2024
(iii) turbulent scales >> molecular scales
and form a continuum,
(iv) the smallest scale is set by viscosity,
(v) viscous dissipation transforms the kinetic energy of smallest
scales into internal energy,
(vi) the diffusivity is increased by turbulence (numerical models).
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Vortices & turbulence
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Vortices in quantum fluids (BEC)

Bose-Einsten condensate (T ~ 500nK)
Macroscopic description
@ ¢ € C wave function

(Madelung transform) ¢ = mem(f)

@ vortex :: p = 0 + rotation
@ velocity field

v = Lo = ,;Lﬂ ; YWY

@ quantified circulation

h 1
I'_/v(s)ds_ n— V|r—o ~ -
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Vortices & turbulence
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Super Turbulence (Gross-Pitaevskii)

C. Nore, M. Abid, M. Brachet, Physics of Fluids, 1997.
Taylor-Green vortices

(sin(x) cos(y) cos(z))
l”Iadv _

cos(x) sin(y) cos(2)
0

11=0 contains vortices with
winding number 3.
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Vortices & turbulence
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Vortices in quantum flows (He)

Superfluid Helium (7 < T, = 2.17K)
Reconnection of vortex lines (Maryland, USA, Bewley et al.,

PNAS, 2008)
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Vortices & turbulence
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Quantum Turbulence (QT) in “He

e Two-fluid model (Tisza, Landau): normal fluid + superfluid.
e QT = classical turbulence (Navier-Stokes) + vortex tangle

turbulence (Gross-Pitaevskii)

Vortex core Vortex reconnections  Intervortex Tube
Characteristicscales | diameter Kelvin waves distance diameter
Quontum Turbulence (nm) () () |
5107 m D~O0l-1m

T
d~E~107" m

Gross-Pitaevskii (GP) for superfluid Navier-Stokes (NS) for normal fluid

Well-established models
for each component

GP Super-Turbulence Two-fluid Quantum CT (Navier-Stokes)

ST Turbulence QT

TS

(courtesy E. Lévéqu?_
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Models for superfluid helium
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Outline

e Models for superfluid helium
@ (T ~ 0K) The Gross-Pitaevskii (GP) model
@ (T ~ 1K) Coupling Euler and Navier-Stokes equations
@ (T ~ 1K) Coupling Vortex Lines and Navier-Stokes equations
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Models for superfluid helium
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Models for superfluid helium

T ~0.3K
GP Super-Turbulence
ST
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Models for superfluid helium
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GP Super-Turbulence ... revisited

Pioneering work: C. Nore, M. Abid, M. Brachet, Phys of Fluids,
1997.

Computer Physics Communications 258 (2021) 107579

- . . . =
Contents lists available at ScienceDirect COMPUTER PHYSICS
COMMUNICATIONS.

Computer Physics Communications

2
R

ELSEVIEF

journal homepage: www.elsevier.com/locate/cpc

Quantum turbulence simulations using the Gross-Pitaevskii equation: | M)
High-performance computing and new numerical benchmarks”

Michikazu Kobayashi®, Philippe Parnaudeau”, Francky Luddens ¢, Corentin Lothodé ¢,
Luminita Danaila ¢, Marc Brachet ¢, lonut Danaila “*

4rh2ag
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Models for superfluid helium
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Models for superfluid helium

Idea: couple the Euler equation (superfluid) and Navier-Stokes
equations (normal fluid).

T~1K
Two-fluid Quantum
Turbulence QT

% |
sl
D
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Models for superfluid helium
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The HVBK model for QT
Hall-Vinen-Bekharevich-Khalatnikov (HVBK) model:

V’Vn:o7 V'VSZO,
OVn 1 1

Pn Pn

ot Fns + anzvna

Coupling friction force:

. E,Pspn
2

w w

_E PsPn
2 plws|

ns —

Wwg X (U.)s X (Vs — Vn) wg X (Vs —V|-'|)7
———— ——

where ws = V X Vg is the coarse-grained superfluid vorticity.
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Models for superfluid helium
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HVBK Quantum-Turbulence

J. Fluid Mech. (2023), vol. 962, A22, doi:10.1017/jfm.2023.235

Higher-order statistics and intermittency of a
two-fluid Hall-Vinen-Bekharevich-Khalatnikov
quantum turbulent flow

Z. Zhang', I. Danaila', E. Lévéque? and L. Danaila®

e apply statistical tools used in CT

e transport equations for the third-order moments RR A



Models for superfluid helium
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Models for superfluid helium

Idea: couple the Vortex Lines dynamics (superfluid) and
Navier-Stokes equations (normal fluid).

T~1K
Two-fluid Quantum
Turbulence QT

% |
sl
D
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Models for superfluid helium
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Vortex lines (filaments in superfluid helium)

Superfluid dynamics: Superfluid Helium
e Biot-Savart-Laplace (T < Th=217K)
e model for A SR R 1 o

reconnection, i 3 39 ; X
e no vortex nucleation.

Loy 3 \I. ., N e
\ F _.! \,7\ 4 N L S
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g Xy \ % X . X 3 X 4
¢ 1 mm
/ Reconnection of vortex lines
Vortex filaments (Maryland, USA, Bewley et al.,
dynamics (Schwartz, PNAS, 2008). Rly /2

PRB. 1995).



Models for superfluid helium

0O0000000e0

Coupling Vortex Lines with NS dynamics (1)

¢ (UK-France) Galantucci, Baggaley, Barenghi & Krstulovic, A new
self-consistent approach of quantum turbulence in superfluid helium,
Eur. Phys. J. Plus, 2020.

e (Japan) Inui & Tsubota, Coupled dynamics of quantized vortices
and normal fluid in superfluid * He based on lattice Boltzmann
method, PRB, 2021.

e v superfluid velocity
(Biot-Savart)

e v, normal velocity
(Navier-Stokes)

e W = VvV, — Vg counter-current

e v, vortex line velocity
® Vgip =V, — Vs slip velocity.
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Models for superfluid helium
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Coupling Vortex Lines with NS dynamics (2)

Equilibrium of forces: f g + frs =0
e Magnus force fq.
e Friction force fps.

% =Vs+as' xw—a's' x (s’ xw)
Friction force in Navier-Stokes equations:
V . Vn - 0,
OVn

1 1
+ ( . V)Vn = —7Vpn + 7Fns + anz\In.
ot Pn Pn

The friction force: distributed around the vortex
line

LMRS

Fns—%fns X—Sdf R[y



Coupling GP and NS equations
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Outline

@ (T ~ 0K) The Gross-Pitaevskii (GP) model
@ (T ~ 1K) Coupling Euler and Navier-Stokes equations
@ (T ~ 1K) Coupling Vortex Lines and Navier-Stokes equations

e Coupling Gross-Pitaevskii and Navier-Stokes equations

@ Coupling procedure
@ Numerical validation
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Coupling GP and NS equations
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Our new model: idea

GP includes complete vortex dynamics (with nucleation and reconnections)

Superfluid vortex Superfluid Helium
dynamics: (T < Ty=217K)
° W \ \ \ \ \
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Reconnection of vortex lines
(Maryland, USA, Bewley et alR [y 3.
PNAS, 2008):




Coupling GP and NS equations
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Main ingredients

@ (new) Extract vortex lines from the GP
field ¢. Define a regularised velocity field
vy 9 and vorticity field ws.

© (as in VL-NS) Apply the equilibrium of
forces to determine v;p.

© (new) Modify the GP equation to move the
vortices with the correct v;,. External
driving of the GP dynamics.

© (as in HVBK) Evaluate the volumetric
friction force to be included in the NS
equations.
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Coupling GP and NS equations
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Coupling procedure

Outline

e Coupling Gross-Pitaevskii and Navier-Stokes equations
@ Coupling procedure
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Coupling GP and NS equations
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Coupling procedure

Extracting vortex lines, velocity and vorticity

@ (new) Extract vortex lines from the GP field v. Define:
a regularised velocity field vg?

h YV — Vi
2m |w|2 +€ Qs ’

e = (1 A5 (o0 (1) 7))

reg

ve(x,t) =i—

a regularised vorticity field ws

ws(X, 1) =V x v5¥,

ws(x,t) = Fws =1 on VL, \, O(far from VL),
a counter-current normal to the VL

W ws

Wp(X, 1) =w — ws, ifws>w.
S

Ws * W
Note that ws x Wy, = ws X W.

R LMRS



Coupling GP and NS equations
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Coupling procedure

Determine the slip velocity of the vortex line

@ (as in VL-NS) Apply the equilibrium of forces to determine v,.

e Magnus force Fg = ps(VL — V5?9) X ws,
o Friction force Fps = ppBiws X (&s X (Vh— VL)) + paBlws X (Vo — VL).
Fmd +Fns=0

results in an equation for v,

Vilip = U*Wp + V*d\)s X W

the expression for the friction force follows

Frs = psws X Viiip.

R‘ u‘ms



Coupling GP and NS equations
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Coupling procedure

Modified GP equation with external driving v;, (1)

© (new) Modify the GP equation to move the vortices with Viiip-

e Physical input:

F,s = Uipsws x W + Vopsws X (Os X W)
—_————

normal to w = no dissipation parallel to w = dissipation

Viip = U.w, + V,os x W

——
conserves energy in GP removes energy from GP

R‘ u‘ms



Coupling GP and NS equations
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Coupling procedure

Modified GP equation with external driving v;, (2)

© (new) Modify the GPE to move the vortices with v,.

e Mathematical input: GP=Gross-Pitaevskii, GL=Ginzburg-Landau

(original GP): %—f =i (%v% - %\wlzw) 7
(dissipative GP): %’ =(i + 1p) (%Vzw — %lezw) :
(non-dissipative GP): %—f + U - vy =i (%vzw - %\¢|2¢) ;
equiv.to V — V + iv, Coste, 1998
(Advective Real GL): %—f — iU -V =i (%Vzw - %W)I"’lp) ;

damped GP/Schrédinger, Bao& Cai, 2013

identify U% and U3% from vp. Ry A



Coupling GP and NS equations
0000000

Coupling procedure

Modified GP equation with external driving v;, (3)

© (new) Modify GPE to move the vortices with Vlip-

e use the convective gradient (Coste, 1998) V — V + ?Vfﬁl,,

v = (U, +iV,IQ)w,

e add a dissipation 7p to remove sound waves and make the coupling
compatible to incompressible NS
e add a "chemical potential” ;. to conserve mass in GP

: 1 (vep)?
o = i (avzw (P~ g — ) w)

(V- V)i — f(v v Y

slip slip

+ np(aViy — V(IMZ — D) + 1)) (Q



Coupling GP and NS equations
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Coupling procedure

Friction force and GP-NS coupling

© (as in HVBK) Evaluate the friction force to be included in NS egs.

Friction force in Navier-Stokes equations:

V . Vn = 0,
OVp
ot

1 1
+ (Vn . V)Vn = —ivpn + 7Fns + l/nvz"n.
Pn Pn

Frs = pnBiws x (s x (Vp— VL)) + ppBlws x (Vp — Vv[)

NB: In VL-NS models the friction force is distributed around the VL.
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Coupling GP and NS equations
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Numerical validation

Outline

e Coupling Gross-Pitaevskii and Navier-Stokes equations

@ Numerical validation
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Coupling GP and NS equations
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Numerical validation

2D: superfluid vortex dipole

@ Known case useful to fit numerical parameters:

@ ¢ to avoid division by zero,
o kg ~ 1/€ (spectral) parameter for vg?,
@ 1p ~ Bigp dissipation.

@ Vortex dipole evolution in a normal fluid

(a)t=0.24 (b)t=24




Coupling GP and NS equations
[e] Jele]

Numerical validation

2D: superfluid vortex dipole

@ Known case useful to fit numerical parameters:

@ ¢ to avoid division by zero,
o kg ~ 1/€ (spectral) parameter for vg?,
@ 1p ~ Bigp dissipation.

@ Vortex dipole evolution in a normal fluid

(a) (b)
55 - - © - - simulation vortex 1 0 0000000 m—=——-—— simulation
————— theory vortex 1 theory
5 ~=-A:=:= simulation vortex 2

theory vortex 2

y position

P T S S SR A ob v v vy
15 2 25 3 35 4 45 5 55 0 5 10 15 20 25 30 35
X position time
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Coupling GP and NS equations
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Numerical validation

3D: superfluid vortex ring

Kivotides, Barenghi et Samuels, Triple vortex ring structure in
superfluid helium II, Science, 2000.

without normal fluid with normal fluid
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Coupling GP and NS equations
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Numerical validation

3D: reconnection of superfluid vortex rings
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Conclusions
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Outline

@ (T ~ 0K) The Gross-Pitaevskii (GP) model
@ (T ~ 1K) Coupling Euler and Navier-Stokes equations
@ (T ~ 1K) Coupling Vortex Lines and Navier-Stokes equations

0 Conclusions
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Conclusions
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Conclusions

Model for coupling GP and NS equations

@ First attempt to couple GP and NS. Coste (1998) considered the
different case of compressible GP equation, without vortices.

@ No assumption on the nucleation/reconnection of vortices.

@ Physicall sound method validated for known cases.

@ Fourier spectral code (Runge-Kutta integration in time). )

New research paths

@ Analyse in detail mathematical/numerical aspects.

@ Reuvisit results for Quantum Turbulence obtained with the VL-NS
method (the most advanced).

WV e
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Conclusions
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More details in ...

Journal of Computational Physics 488 (2023) 112193

Contents lists available at ScienceDirect

Journal of Computational Physics

journal homepage: www.elsevier.com/locate/jcp

Coupling Navier-Stokes and Gross-Pitaevskii equations for the )}
numerical simulation of two-fluid quantum flows s

Marc Brachet?, Georges Sadaka®, Zhentong Zhang", Victor Kalt®,
lonut Danaila >*
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