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Road map

Introduction
Motivation: BEC physical experiments

Single solitonic filaments in NLS/BECs:

Adiabatic Invariant (Al) methodology
Soliton stripes

Ring dark soliton (RDS)
Dark-Bright solitons

Other filament reductions:

Filament-filament interactions in NLS (Al+VA)
Filament-vortex interactions in NLS (VA)

Conclusions

Recap (inc. list of other filament reductions)
Outlook
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Solitonic filaments

In NLS-type systems
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Solitonic filaments: experimental motivation

(a)

ﬁ - W"/((t

(a) & (b): Exciton-polariton BEC, Daniele Sanvitto, Lecce.
(c)—(e): DSSs-vortex in atomic BEC, Brian Anderson, Arizona.
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Dynamical reduction for filaments in a picture:

ot | 2o (y,t)

reduction A




Reduction approach (Al+ VA + EL +pert.+ Galerkin+...)

Want to solve for dynamics of a stripe in 2D: | PDE[u(x, y,t)] = 0
= PROJECT PDE onto a lower-dim. ansatz (— PDE/ODE) !
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Reduction approach (Al+ VA + EL +pert.+ Galerkin+...)

Want to solve for dynamics of a stripe in 2D: | PDE[u(x, y,t)] = 0

= PROJECT PDE onto a lower-dim. ansatz (— PDE/ODE) !

Ex: Adiabatic Invariant (Al): start with the Hamiltonian PDE in 1D:
PDE[u(z,t)] =0 < HlD:/ Hip(u) dx = const.

Use robust 1D solution ansatz u,p (bright/dark soliton, kink, breather)
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Reduction approach (Al+ VA + EL +pert.+ Galerkin+...)

Want to solve for dynamics of a stripe in 2D: | PDE[u(x, y,t)] = 0
= PROJECT PDE onto a lower-dim. ansatz (— PDE/ODE) !

Ex: Adiabatic Invariant (Al): start with the Hamiltonian PDE in 1D:

PDE[u(z,t)] =0 < HlD:/ Hip(u) dx = const.

Use robust 1D solution ansatz u,p (bright/dark soliton, kink, breather)
Build a 2D stripe: uap(z,y,t) = uin(x — 20(y. 1)) (= |uy| = |To,]| - |uz])-

Evaluate Hsp on the stripe: Hsp :fffoooHQD(ulD(x — x0(y,1))) dx dy.
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Reduction approach (Al+ VA + EL +pert.+ Galerkin+...)

Want to solve for dynamics of a stripe in 2D: | PDE[u(x, y,t)] = 0
= PROJECT PDE onto a lower-dim. ansatz (— PDE/ODE) !

Ex: Adiabatic Invariant (Al): start with the Hamiltonian PDE in 1D:

PDE[u(z,t)] =0 < HlD:/ Hip(u) dx = const.

Use robust 1D solution ansatz u,p (bright/dark soliton, kink, breather)
Build a 2D stripe: uap(z,y,t) = uin(x — 20(y. 1)) (= |uy| = |To,]| - |uz])-
Evaluate Hsp on the stripe: Hsp :fffoooHQD(ulD(x — x0(y,1))) dx dy.
Massage/blend/simmer ( [dzx, by parts, EL, ...) and dH/dt =0 =

PDE[z¢(y,t)] =0 | < Lower dimensional than original !!!
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Adiabatic Invariant (AI) Approach : 1D : dark soliton

1D NLS for external potential V':

: 1
iug = U + |ul*u + V(z) u.
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Adiabatic Invariant (AI) Approach : 1D : dark soliton

1D NLS for external potential V':

: 1
iug = U + |ul*u + V(z) u.

In the absence of external potential (V' =0) :
Hamiltonian: Hip = 4 [°2, [[ucl® + (i — |uP?)?] da-

Dark soliton: wugs=e " [ (—v? tanh (\/,u—vz(x — :130)> + iv} :
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Adiabatic Invariant (AI) Approach : 1D : dark soliton

1D NLS for external potential V':

: 1
iug = U + |ul*u + V(z) u.

In the absence of external potential (V' =0) :
Hamiltonian: Hip = 4 [°2, [[ucl® + (i — |uP?)?] da-

Dark soliton: wugs=e " [ (—v? tanh (\/,u—vz(x — :130)> + iv} :
4

= Hps = g(ﬂ—jf(%)

Bring back V' — Al: consider background slowly varying (u,, ~ 0)
— steady state: u(z,t) = w(z)e ™" = pw ~ w3 +Vw=w?~u—"V.

3/2
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Adiabatic Invariant (AI) Approach : 1D : dark soliton

1D NLS for external potential V':

: 1
iug = U + |ul*u + V(z) u.

In the absence of external potential (V' =0) :
Hamiltonian: Hip = 4 [°2, [[ucl® + (i — |uP?)?] da-

Dark soliton: wugs=e " [ (—v? tanh (\/,u—vz(x — :130)> + iv} :
4

= Hps = g(ﬂ—jf(%)

Bring back V' — Al: consider background slowly varying (u,, ~ 0)
— steady state: u(z,t) = w(z)e ™" = pw ~ w3 +Vw=w?~u—"V.

3/2

Thus background w? ~ p — V is captured with u — pu — V(x):
4

.9\ 3/2 y 1
Hip ~ g(,u — V(.T()) — I%) / - T X —§V/($0),
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Adiabatic Invariant (Al) Approagss

1D NLS for external potential V':

: 1
iug = U + |[ulPu + V(z) u.

In the absence of external potential (V' =0)
Hamiltonian: Hip = 4 [°2, [[ucl® + (i — |uP?)?] da-

Dark soliton: wugs=e " [ (—v? tanh (\/,u—’vz(x — :130)> + iv} :
4

= Hps = g(ﬂ—ig)

Bring back V' — Al: consider background slowly varying (u,, ~ 0)
— steady state: u(z,t) = w(z)e ™" = pw ~ w3 +Vw=w?~u—"V.

3/2

Thus background w? ~ p — V is captured with u — pu — V(x):
4

.2\ 3/2 . 1
Hip ~ g(,u — V(x()) — $%) / - T X —§V/($0),
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Al Approach : 2D : dark soliton stripe
2D NLS Hamiltonian:

1 = 2
Hop = 5 // [|ug,;|2 + Juy|* + (1 — |u]?) } dxdy.
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Al Approach : 2D : dark soliton stripe
2D NLS Hamiltonian:

1 = 2
Hop = - // |u9[;|2 + Juy|* + (1 — |u]?) } dxdy.

General stripe ansatz: u(z,y,t) = f(x — 20(y, 1)) = |uy| = |To,| - |uzl:

Hop — ~ // g |2(1 — 202) + (—|u|2)2}d:cdy.
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Al Approach : 2D : dark soliton stripe
2D NLS Hamiltonian:

1 = 2
Hop = - // |u9[;|2 + Juy|* + (1 — |u]?) } dxdy.

General stripe ansatz: u(z,y,t) = f(x — 20(y, 1)) = |uy| = |To,| - |uzl:

Hop — ~ // g |2(1 — 202) + (—|u|2)2}d:cdy.

Quasi 1D DS stripe: u = ugs(x — zo,t) & g — 20(y,t) & u—pu—"V:

4 [ 51305 3/2
Hop = 3 1+ 9 (M V(zo) — 33075) dy.

— OO
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Al Approach : 2D : dark soliton stripe
2D NLS Hamiltonian:

1 = 2
Hop = - // |u9[;|2 + Juy|* + (1 — |u]?) } dxdy.

General stripe ansatz: u(z,y,t) = f(x — 20(y, 1)) = |uy| = |To,| - |uzl:

Hop — ~ // g |2(1 — 202) + (—|u|2)2}d:cdy.

Quasi 1D DS stripe: u = ugs(x — zo,t) & g — 20(y,t) & u—pu—"V:

4 [ 51305 3/2
Hop = 3 1+ 9 (M V(zo) — 33075) dy.

— OO

Reduced filament PDE : dH/dt = 0 = PDE for zy(y, t):
A

Btht —+ §x0yy — xnyOtxOyt _ §V/('CUO> (B _ :C();)

with A =p — V(zg) — 20?7 and B=1+ %xofz,
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Al Approach : 2D : dark soliton stripe
2D NLS Hamiltonian:

1 = 2
Hop = - // |u9[;|2 + Juy|* + (1 — |u]?) } dxdy.

General stripe ansatz: u(z,y,t) = f(x — 20(y, 1)) = |uy| = |To,| - |uzl:

Hop — ~ // g |2(1 — 202) + (—|u|2)2}d:cdy.

Quasi 1D DS stripe: u = ugs(x — zo,t) & g — 20(y,t) & u—pu—"V:

4 [ 51305 3/2
Hop = 3 1+ 9 (M V(zo) — 33075) dy.

— OO

Reduced filament PDE : dH/dt = 0 = PDE for zy(y, t):
A

Btht —+ §x0yy — xnyOtxOyt _ §V/('CUO> (B _ :C();)

with A = i — V() — zo? and B =1+ z¢2,

2

At linear level with V' = 0 one recovers: z; + *5—0,, = 0.
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DS snaklng for V 74 0: V(x, y) 1Q%2* : PDE vs. Al

0 2 4 6
X
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Al : Ring dark soliton (RDS) — dynamics

Start with NO azimuthal perturbations, i.e. radius
given by R = R(t). [Kamchatnov+Korneev PLA'10
and Konotop+Pitaevskii PRL04] :

E =27R(u — V(R) — R%)3/?

Non//near Dynamica/ Systems — SDSU 15th AIMS Conference, Athens, Greece, 09/Jul/2026 — p. 11/31



Al : Ring dark soliton (RDS) — dynamics

Start with NO azimuthal perturbations, i.e. radius
given by R = R(t). [Kamchatnov+Korneev PLA'10
and Konotop+Pitaevskii PRL04] :

E =27R(p — V(R) — R%)3/2
Generalize to RDS filament : R(¢t) — R(6,t). Energy:

2m 2
R 3/2
E = T — — R? do.
/O R( +2R2)(“ V(R) — R?)
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Al : Ring dark soliton (RDS) — dynamics

Start with NO azimuthal perturbations, i.e. radius
given by R = R(t). [Kamchatnov+Korneev PLA'10
and Konotop+Pitaevskii PRL04] :

E =27R(u — V(R) — R%)3/?

Generalize to RDS filament : R(¢t) — R(6,t). Energy:

2m 2
R 3/2
E = T — — R? do.
/O R( +2R2)(“ V(R) — R?)

Apply the Al methodology (dF/dt = 0) — PDE for R(0,1):

R Ry (3 3
CD — %C — _fe <§V’(R)R9 + SRtRw) + RD (§V’(R) + SR“>

with C = u — V(R) — R? and D51+£§2.
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Ring dark soliton : PDE vs Al
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Al : Dark-bright stripes with V' == 0
2-component GPE:
Wy = —Uge/24 [Va+ |ul? + |v|* — pa
Wy = —Uga/24 Vo + |ul? + [v]® — ] v
Dark-Bright (DB) soliton when V' = 0:
Uds = +/Ma [cos(a)tanh(v(x — xp)) + isin(a)],
vbs = +/Nov/2sech(v(z — xg))e #ole! To¥,

1D energy density:  Gpp,ip = 3.A4°% — 220> A+ N, (V, — 1V4) ,
where .A:.A(ZC) — [,Lbd — Vd(ilj‘) + Ng/lﬁ]l/Q.
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Al : Dark-bright stripes with V' == 0

2-component GPE:
Wy = —Uge/24 [Va+ |ul? + |v|* — pa

Wy = —VUgg/2+ [Vb + |ul? + |[v]* — ,ub] v.
Dark-Bright (DB) soliton when V' = 0:
Uds = +/Ma [cos(a)tanh(v(x — xp)) + isin(a)],
vbs = +/Nov/2sech(v(z — xg))e #ole! To¥,
1D energy density:  Gpp,ip = 3.A4°% — 220> A+ N, (V, — 1V4) ,
where .A:.A(ZC) — [,Lbd — Vd(ilj‘) + Ng/lﬁ]l/Q.
2D DB stripe: u = ugs(z — xo(y, 1)) and vps = v(x — 2o (y, 1)):

2D energy density + Alwhen V £0:u — pu -V :

2 . N2A N3 g —Vy+ Ne
GDB,2D :/ Gppip+(T0y)’ <3A3 - Zé + 4—§ — (x04)? 1 5| dy,

— PDE for the DB: a bit messy (not shown here).
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Dark-bright stripes : PDE vs Al

1000001 3
P P B

[Also: stability spectrum nicely captured by linearization of Al PDE.]
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Filament-filament

Interactions
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Al : Interacting DS stripes in NLS

1DS:u = e [ p — v2 tanh (\/m(aj — :130)) + iv} :

1 DS Hamiltonian: H = 5 [~ B A3/2dy,
with A = pi — V(xo) — 23, and B =1+ 5z§,,.
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Al : Interacting DS stripes in NLS
1DS:u=e# [ 1 — v2 tanh (\/,u —v?(x — :130)) + iv} :

1 DS Hamiltonian: H = 5 [~ B A3/2dy,
with A = pi — V(xo) — 23, and B =1+ 5z§,,.

Introduce DS-DS interaction using perturbation theory (o e~1z2—21l),
Symmetric interaction: x; = xg = —x2:

o0 4 1/2
E = 2/ (gB A3/2 _ g p3/2,-4AY fBO) dy.

— OO
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Al : Interacting DS stripes in NLS
1DS:u=e# [ ( — v? tanh (\/,u —v?(x — :130)) + iv} :

1 DS Hamiltonian: H = 5 [~ B A3/2dy,
with A = pi — V(xo) — 23, and B =1+ 5z§,,.

Introduce DS-DS interaction using perturbation theory (o e~1z2—21l),
Symmetric interaction: x; = xg = —x2:

o0 4 1/2
E = 2/ (gB A3/2 _ g p3/2,-4AY 9”0) dy.

— OO

Reduced PDE for x, (half DS separation) —

2
Toy T ToyTotLoty

V/($()) A V’(Io)
> ) TRt = Ty

— [(V'(z0) + 2204 (—3 + 44 23) — 8A/?] o—4AY 2ay

B (iCOtt +
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Interacting DS stripes in NLS: PDE vs reduction

s\ |
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Filament-vortex

Interactions
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DSS-vortex interactions in NLS: Variational approach

DSS Udss = B(ya t) tanh [B(y7 t) ('CU _ X(y7 t))] + ZV(yv t)a
width: B(y,t), horizontal vel.: V(y,t), with V2 4 B? = L.

Point vortex: u, =/ue"?, §=tan"*[(y — y1), (x — x1)].
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DSS-vortex interactions in NLS: Variational approach

DSS Udss = B(ya t) tanh [B(y7 t) ('CU _ X(y7 t))] + ZV(yv t)a
width: B(y,t), horizontal vel.: V(y,t), with V2 4 B? = L.

Point vortex: u, =/ue"?, §=tan"*[(y — y1), (x — x1)].
VA (includes vortex — filament):

{Xt = PDEgingle pss[X, V] +v®) — oW X
Vt — PDEsingle DSS[XyV]v

where now

)@ — _g y]—%;yl, o — 1 g7 ;%fl

Includes contribution from filament slope X, !ll). :)))

Nonlinear Dynamical Systems — SDSU 15th AIMS Conference, Athens, Greece, 09/Jul/2026 — p. 19/31



DSS snaking: Variational approach

0 5 1015 0 5 1015 0 5 1015 0 5 1015 0 5 10 15 O 5 10 15
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vortex — DSS interactions: Variational approach

—20

—30
-5 0 5 10 -5 0 5 10 -5 0 5 10 -5 0 5 10 -5 0 5 10 -5 0

X X
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DSS-vortex interactions in NLS: Variational approach

(B) VORTEX < FILAMENT & VORTEX < VORTEX

Same methodology vortex <« filament and add vortex <+ vortex
Consider point vortices (NLS — inviscid Euler + quantum pressure)

{Xt = PDE gingle Dss| X, V] +0v®) — oW X |
Vi = PDEingle pss|X, V],

with v(m):—ZSny_yn, v(y):—i—ZSnx;;n.
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DSS-vortex interactions in NLS: Variational approach

(B) VORTEX < FILAMENT & VORTEX < VORTEX

Same methodology vortex <« filament and add vortex <+ vortex
Consider point vortices (NLS — inviscid Euler + quantum pressure)

{Xt = PDE gingle Dss| X, V] +0v®) — oW X |
Vi = PDEingle pss|X, V],

D S A

" R

N T —

fm = Z Sm R2
iti I mn

Superposition of NV vortices: n;;m
LTm — Tn

Ym =+ Z Sm R2

n#m mn
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vortex — DSS + vortex <> vortex: vortex dipole

—30

0 5 10 15 0 5 10 15 0 5

10 15

0

5

10 15 0 5

10 15

0

5

10 15
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10

—10

—20

—30

vortex — DSS + vortex <> vortex: corotating vortices

-5 0 5 1015 -5 0 5 1015 -5 0 5 101 -5 0 5 1015 -5 0 5 10 15 -5 0 &5 10 15
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vortex — DSS + vortex <> vortex: vortex soup

—40

0 10 20 0 20

Nonlinear Dynamica/ Systems —SDSU 15th AIMS Conference, Athens, Greece, 09/Jul/2026 — p. 25/31



Recap and Outlook

Solitonic filament dynamics (inc. nonzero external potentials):
Dark soliton stripes (NLS; Al)
Ring dark solitons (NLS; Al)
Dark-Bright solitons (NLS; Al)
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Recap and Outlook

Solitonic filament dynamics (inc. nonzero external potentials):
Dark soliton stripes (NLS; Al)
Ring dark solitons (NLS; Al)
Dark-Bright solitons (NLS; Al)

Filament-filament interactions:
Symmetric dark soliton-soliton interactions (NLS; Al)
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Recap and Outlook

Solitonic filament dynamics (inc. nonzero external potentials):
Dark soliton stripes (NLS; Al)
Ring dark solitons (NLS; Al)
Dark-Bright solitons (NLS; Al)

Filament-filament interactions:
Symmetric dark soliton-soliton interactions (NLS; Al)

Filament-vortex interactions:

Filament-vortex interactions (NLS; Pert+VA)

NOn/inear Dynamica/ Systems — SDSU 15th AIMS Conference, Athens, Greece, 09/Jul/2026 — p. 26/31



Recap and Outlook

Solitonic filament dynamics (inc. nonzero external potentials):
Dark soliton stripes (NLS; Al)
Ring dark solitons (NLS; Al)
Dark-Bright solitons (NLS; Al)

Filament-filament interactions:
Symmetric dark soliton-soliton interactions (NLS; Al)

Filament-vortex interactions:

Filament-vortex interactions (NLS; Pert+VA)
Current Work and Outlook
Asymmetric filament-filament interactions (x; # —x5)
Diff. Geometry — filaments on arclength/curvature/normal vel.
Transition between dark solitons and vortices
Include gain/loss — polariton BECs
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Details of these filament reductions:

Kink-antikink interactions in the one- and two-dimensional sine-Gordon equation.
Comm. Nonlinear Sci. Numer. Simulat. 109 (2022) 1061283.

Pairwise Interactions of Ring Dark Solitons with Vortices and other Rings: Stationary
States, Stability Features and Nonlinear Dynamics. Phys. Rev. A 104 (2021) 023314

Breather stripes and radial breathers of the two-dimensional sine-Gordon equation.
Comm. Nonlinear Sci. Numer. Simulat. 94 (2021) 105596.

Reduced dynamics for one and two dark soliton stripes in the defocusing nonlinear
Schrdédinger equation: a variational approach. Phys. Rev. Research 1 (2019) 033043.

Dynamics of interacting dark soliton stripes. Phys. Rev. A 100 (2019) 033607.

Dynamics and stabilization of bright soliton stripes in the hyperbolic-dispersion nonlinear
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NLDS: Nonlinear Dynamical Systems @ SDSU

http://nlds.sdsu.edu/ [Graduate Programs]

MS in Appl. Mathematics with concentration in Dynamical Systems.
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MATH-538 : Dynamical Systems & Chaos |
MATH-636 : Mathematical Modeling
MATH-693A : Numerical Optimization
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MATH-638 : Dynamical Systems & Chaos Il
MATH-693B : Numerical PDEs
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MATH-635 : Pattern Formation
MATH-639 : Nonlinear Waves
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MATH-799A : Thesis — Project
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