
Numerical Methods for the Nonlinear Schrödinger 
Equation with Low-regularity Potential & Nonlinearity

Weizhu Bao

Department of Mathematics
National University of Singapore
Email: matbaowz@nus.edu.sg

URL: http://blog.nus.edu.sg/matbwz/

Collaborators: Yue Feng (XJTU), Bo Lin (Huairou Lab), Ying Ma (Beijing Univ Tech.)
Chushan Wang (Univ Chicago), Yifei Wu (Nanjing Normal Univ)   

mailto:matbaowz@nus.edu.sg
http://blog.nus.edu.sg/matbwz/


Outline
(Nonlinear) Schrödinger equation
– Background, properties & different applications
– Review of existing numerical methods & error bounds under `smooth’ solutions  

For low-regularity potential & nonlinearity
– Time-splitting methods
– Exponential wave integrator (EWI)
– A novel explicit & symmetric EWI (sEWI)

Extensions to
– Singular potential & nonlinearity
– Other dispersive PDEs, ….

Conclusions

http://en.wikipedia.org/wiki/File:RGB_laser.jpg


The Schrödinger equation 
Written by Ewin Schrödinger in 1925 —Nobel prize in 1933

It describes the evolution over time of a physical system in which quantum 
effects, such as wave–particle duality, are significant in quantum mechanics.

Physical observables 
– With probability density and current 

– Continuity equation
– Explain the spectrum of the Hydrogen atom

2 2
2( , ) ( ) ( , ) ( )

2 2
tE i

t p i

pi x t V x x t E V x
m m

ψ ψ
→ ∂

→− ∇

 
∂ = − ∇ + ⇐ = + 

 









   



( )2 * *, Imj
m

ρ ψ ψ ψ ψ ψ= = = ∇


0t jρ∂ +∇ =

Ewin Schrödinger 



The nonlinear Schrödinger equation (NLSE)

– t : time   &                                        : spatial coordinate
– : complex-valued wave function or order parameter

– : real-valued external potential
– : given nonlinearity

• =0: linear;  
• >0: repulsive interaction (or defocusing nonlinearity) 
• <0: attractive interaction (or focusing nonlinearity)

– For dynamics, initial data is given as

( )2( ) | |ti V x fψ ψ ψ ψ ψ∂ = −∆ + +


( ) with 1,2,3dx d∈ =




: ( , )x tψ ψ= 

( )V x
2( ) with : 0f ρ ρ ψ= ≥

0( , 0) ( ),    dx t x xψ ψ= = ∈
  



BEC@ JILA, 1995

http://jilawww.colorado.edu/bec/hi_res_pic_album_macromedia/images/BEC_peaks_jpg.jpg


Numerical Methods for NLSE
Different numerical methods
– Finite difference time domain (FDTD) --Sanz-Serna, ’84; Chan & Shen, ’86; Glassey, 92’;  

Karakashian, Akrivis & Dougalis, ’93; Akrivis, ’93; Chan, ’94; Chan, Guo & Jiang, 94’; Chang & Sun, ’03; Bao & Cai, 
’13; Wang, ’14; Henning & Peterseim, ’17; ...

– Time-splitting (pseudo)spectral (TSSP) method -- Hardin & Tarppent, ‘73; Taha & 
Ablowitz, 84’; Weideman & Herbst, 86’; Pathria & Moris, 90’; Jahnke & Lubich, ’00; Besse, Bid´egaray & Descombes, 
’02; Bao, Jaksch & Markowich,’03; Lubich, ’08; Antoine, Bao & Besse, ’13; Eilinghoff, Schnaubelt & Schratz, ’16; 
Ostermann, Rousset & Schratz, ’22; Bao, Cai & Feng, ’23; Carles & Su, ’23; Ji & Ostermann, ’23; Ji, Ostermann, 
Rousset & Schratz, ’24; ...

– Exponential wave integrator (EWI) --Berland, Owren and Skaflestad, ’06; Celledoni,Cohen & 
Owren,’08; Hochbruck & Ostermann,’10; Bao & Cai, ’14; Alama Bronsard, Bruned & Schratz,’22; Bao & Wang, 24’,...

Optimal error estimates under `smooth’ solution!! 
– TSSP method is most popular in practical computation: due to stability, accuracy, efficiency, 

structure-preserving properties in full discrete level & optimal resolution in semiclassical regime!!
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[1] X. Antoine, W. Bao and C. Besse, Computational methods for the dynamics of the nonlinear Schrödinger/Gross-Pitaevskii equations, 
Comput. Phys. Commun., Vol. 84, pp. 2621-2633, 2013.
[2]. W. Bao and Y. Cai, Mathematical theory and numerical methods for Bose-Einstein condensation, Kinet. Relat. Mod., Vol. 6, pp. 1-135, 
2013.



Review on Error Estimates
Regularity on solution for different numerical methods 

Observations
– FDTD methods require stronger regularity than others!!
– Time-splitting methods and EWIs require the same regularity on solution

How to handle the solution is low-regularity-- due to low-regularity of initial data, potential, 
nonlinearity???? – error estimates & new numerical methods with optimal error bounds ???
– For low-regularity initial data

• Low-regularity integrators --Ostermann & Schratz, ’18; Knoller, Ostermann & Schratz, ’19; Zhao, ’21; Li & Wu, ’21; Alama Bronsard, Bruned & 
Schratz, ’22; Alama Bronsard,’23; Ostermann, Rousset & Schratz; Feng, Maierhofer & Schratz, ’23; Schratz & Rousset, ’24; Feng, Maierhofer & Wang, ’24; ...

– Focus on NLSE with low-regularity (or even singular) potential & nonlinearity
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Examples of Low-Regularity/Singular Potential
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Examples of Low-Regularity/Singular Nonlinearity
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Problems to be Study Numerically
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Review on Existing Results
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Time-splitting Methods



Estimates of Lie Splitting

[1] W. Bao & C. Wang, Error estimates of the time-splitting methods for the nonlinear Schrödinger equation with semi-smooth nonlinearity, 
Math. Comp., Vol 93 (2024), pp. 1599-1631.



Numerical Results: Low-regularity Nonlinearity

[1] W. Bao & C. Wang, Error estimates of the time-splitting methods for the nonlinear Schrödinger equation with semi-smooth nonlinearity, 
Math. Comp., Vol 93 (2024), pp. 1599-1631.



Improved Error Bounds for Lie-Splitting

[1] W. Bao Y. Ma & C. Wang, Optimal error bounds on time-splitting methods for the nonlinear Schrödinger equation with low regularity 
potential and nonlinearity, Math. Models Methods Appl. Sci., Vol 34 (2024), pp. 803-844.



A 1st Order Exponential Wave Integrator (EWI)

[1] W. Bao & C. Wang, Optimal error bounds on the exponential wave integrator for the nonlinear Schrödinger equation with low regularity 
potential and nonlinearity, SIAM J. Numer. Anal., Vol. 62 (2024), pp. 93-118.



Error Bounds of EWI

[1] W. Bao & C. Wang, Optimal error bounds on the exponential wave integrator for the nonlinear Schrödinger equation with low regularity 
potential and nonlinearity, SIAM J. Numer. Anal., Vol. 62 (2024), pp. 93-118.



Numerical Results of EWI

[1] W. Bao & C. Wang, Optimal error bounds on the exponential wave integrator for the nonlinear Schrödinger equation with low regularity 
potential and nonlinearity, SIAM J. Numer. Anal., Vol. 62 (2024), pp. 93-118.



Comparison of Different Numerical Methods

[1] W. Bao & C. Wang, Optimal error bounds on the exponential wave integrator for the nonlinear Schrödinger equation with low regularity 
potential and nonlinearity, SIAM J. Numer. Anal., Vol. 62 (2024), pp. 93-118.



A Novel Explicit & Symmetric EWI

[1] W. Bao & C. Wang, An explicit and symmetric exponential wave integrator for the nonlinear Schrödinger equation with low regularity 
potential and nonlinearity, SIAM J. Numer. Anal., Vol 62 (2024), pp. 1901-1928.



sEWI & its Error Bounds

Theorm [1] Optimal error bounds of sEWI
– Under                                        , we have 

– Under                                         , we have 
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[1] W. Bao & C. Wang, An explicit and symmetric exponential wave integrator for the nonlinear Schrödinger equation with low regularity 
potential and nonlinearity, SIAM J. Numer. Anal., Vol 62 (2024), pp. 1901-1928.
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Comparison of Different Methods

[1] W. Bao & C. Wang, An explicit and symmetric exponential wave integrator for the nonlinear Schrödinger equation with low regularity 
potential and nonlinearity, SIAM J. Numer. Anal., Vol 62 (2024), pp. 1901-1928.



Summary on Different Methods for NLSE

[1] W. Bao & C. Wang, An explicit and symmetric exponential wave integrator for the nonlinear Schrödinger equation with low regularity 
potential and nonlinearity, SIAM J. Numer. Anal., Vol 62 (2024), pp. 1901-1928.



An EWI for NLSE with Singular Potential
Consider the NLSE in the whole space

– where

Exponential wave integrator (EWI):

– where

21
1

0
0

( ) ( ), 0n i n n n ne i i V nτ
τ

τ

ψ ψ τφ τ ψ β ψ ψ

ψ ψ

+ ∆= − ∆ Π + ≥

= Π

2

0

( ) | | , 0
( ,0) ( ), ( 1, 2,3)

t
d

i V x t
x x x d

ψ ψ ψ β ψ ψ

ψ ψ

∂ = −∆ + + >

= ∈ =



  



( ) ( ), 1& / 2, 1,2,3p d dV L L p p d d∞∈ + ≥ > = 

1
1 1/2

( ) ( 1) /
( ( ) ( )( ))

zz e z
F Fτ

φ

φ χ τ ξ φ ξ−

= −

Π =

[1] W. Bao & C. Wang, Error estimates of an exponential wave integrator for the nonlinear Schrödinger equation with singular potential, 
SIAM J. Numer. Anal., to appear (arXiv: 2504.03346).



Optimal Error Bounds
Theorem 1 [1,2] Assume                                                       

– Optimality of the first-order      norm is two-fold:
• The convergence order is optimal for the EWI under        potentials
• The        potentials is the weakest regularity for the EWI to achieve the 1st convergence 

– Main difficulty: loss of integrability due to 
– Key techniques [1,2]:

• Discrete space-time Lebesgue spaces + discrete Stricharitz estimates to establish the stability
• Normal form transformation + frequency decompositions to obtain optimal error bounds
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[1] W. Bao & C. Wang, Error estimates of an exponential wave integrator for the nonlinear Schrödinger equation with singular potential, 
SIAM J. Numer. Anal., to appear (arXiv: 2504.03346).
[2] W. Bao, C. Wang & Y. Wu, Optimal error bounds on the exponential wave integrator for the nonlinear Schrödinger equation with highly 
singular potential, arXiv: 2605.03355.
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Optimal Error Bounds for NLSE with Coulomb Potential 

Corollary 1 [1,2] For Coulomb potential in 2D & 3D as    

Corollary 2 [1,2] Similar optimal error bounds for sEWI
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[1] W. Bao & C. Wang, Error estimates of an exponential wave integrator for the nonlinear Schrödinger equation with singular potential, 
SIAM J. Numer. Anal., to appear (arXiv: 2504.03346).
[2] W. Bao, C. Wang & Y. Wu, Optimal error bounds on the exponential wave integrator for the nonlinear Schrödinger equation with highly 
singular potential, arXiv: 2605.03355.
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Error Bounds
Theorem 2 [1,2] Assume                                                       

– With

– If 
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SIAM J. Numer. Anal., to appear (arXiv: 2504.03346).
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Convergence Tests in 1D

[1] W. Bao & C. Wang, Error estimates of an exponential wave integrator for the nonlinear Schrödinger equation with singular potential, 
SIAM J. Numer. Anal., to appear (arXiv: 2504.03346).
[2] W. Bao, C. Wang & Y. Wu, Optimal error bounds on the exponential wave integrator for the nonlinear Schrödinger equation with highly 
singular potential, arXiv: 2605.03355.



Convergence Tests in 2D & 3D

[1] W. Bao & C. Wang, Error estimates of an exponential wave integrator for the nonlinear Schrödinger equation with singular potential, 
SIAM J. Numer. Anal., to appear (arXiv: 2504.03346).
[2] W. Bao, C. Wang & Y. Wu, Optimal error bounds on the exponential wave integrator for the nonlinear Schrödinger equation with highly 
singular potential, arXiv: 2605.03355.



Dynamics in 2D under Coulomb Potential






Conclusions & Future Challenges
Conclusions --Under low-regularity or singular potential and nonlinearity
– EWIs are advantageous over time-splitting & both are better than FDTD
– sEWI is excellent at long time simulation
– Fourier spectral method can obtain optimal spatial convergence with respect to the regularity of 

the solution & it is better than FD & FEM!!

Future Challenges
– Time dependent low-regularity/singular potential
– Spatial Dirac delta potential & temporal Dirac delta potential – quantum kicks
– Singular nonlinearity 
– Other dispersive PDEs, e.g. Klein-Gordon equation, Dirac equation, ….

– Dissipative PDEs with low-regularity/singular potential & nonlinearity
– Coupled PDEs with low-regularity/singular potential & nonlinearity
– Error estimates of FDTD or FD+FEM, or under low-regularity/singular terms

( )  with  -1 0f αρ ρ α= < <
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