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A supersolid is a material that has two conflicting properties

1. Rigid structure of a solid - breaks translational symmetry

2. Frictionless flow of a superfluid - breaks U(1) gauge symmetry


Early theoretical work:

• A. F. Andreev and I. M. Liftshitz, Quantum Theory of Defects in Crystals, 

JETP, 29, 1107 (1969).

• G. V. Chester, Speculations on Bose-Einstein Condensation and Quantum 

Crystals, PRA,  2, 256 (1970).

• A. J. Leggett, Can a Solid Be “Superfluid”?, PRL 25, 1543 (1970)


Solid He-4 experiments - Anomalous moment of interia:

• E. Kim and M. H. W.  Chan, Probable observation of a supersolid helium 

phase, Nature 427, 225 (2004).

• D. Y. Kim and M. H. W. Chan, Absence of Supersolidity in Solid Helium in 

Porous Vycor Glass, PRL 109, 155301 (2012).

What is a supersolid?



???????



Examples of experimental results
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FIG. 1. A robust high-contrast spin-orbit-coupled supersolid. (a) Spin-orbit-coupled BECs at small coupling have
a dispersion relation with two minima, leading to two possible many-body phases: the unmodulated plane-wave phase (one
minimum occupied) and the modulated supersolid-stripe phase (both minima occupied). (b) Two-photon Raman coupling
scheme with two beams of frequency di!erence ”ωR, coupling strength #, detuning ε, and recoil momentum per beam h̄kR
(tunable through the angle of the Raman beams ϑ), used to engineer spin-orbit coupling. (c) Dispersion relation E(k) of
the lower optically-dressed state (solid line), compared to that of the bare atomic states (dashed lines). Colorscale: spin
polarization P of the dressed state. The system can be modeled as a mixture of condensates in the left ϖ and right r wells,
which consist of a coherent superposition of the bare spin states (red and blue circles) and have modified e!ective interaction
properties given by the e!ective scattering lengths aωω, aωr and arr. (d) E!ective interaction parameters at ε = 0 vs. Raman
coupling #, calculated via the mixture model. Vertical black dashed line: supersolid phase transition point #c separating the
supersolid-stripe phase and the plane-wave phase. This figure shows how tuning interaction strengths can stabilize the stripe
phase vs. the plane-wave phase. (e) Phase diagram of a homogeneous spin-orbit-coupled BEC featuring a large and stable
supersolid stripe phase, calculated with the variational ansatz of [23, 27]. C is the contrast of the density modulation. Dashed
lines: phase boundaries calculated with the mixture model. Gray band: region experimentally explored in this work, with
detuning h̄ε = 0.00± 0.02ER. Parameters in (d) and (e) correspond to 41K at a magnetic field B = 51.7G and with a density
1→ 1014 atoms/cm3, which realizes a robust and high-contrast supersolid stripe phase.

the stripe phase, which occurs when both minima are
occupied, has a spontaneously modulated density profile
while it retains the spatial phase coherence of the con-
densate [20–23], and constitutes a supersolid [6]. The
experimental challenge is to create a situation where the
stripe phase occupies a significant portion of the phase
diagram [20]. To quantitatively investigate the stability
of the stripe phase and find a suitable regime to probe
supersolid excitations, we have developed an analytical
model.

This model considers the dressed states at the two
minima of the dispersion relation, which emerges when
two di!erent states → and ↑ (e.g., internal atomic states
[20, 25], or di!erent bands of an optical lattice [8]) are
coupled through an optical field that transfers momen-
tum to the atoms. A pair of laser beams in a two-
photon Raman configuration with frequency di!erence
”ωR, two-photon Rabi frequency # and two-photon de-
tuning ε is used, as depicted in Fig. 1(b). It leads to
a momentum transfer 2h̄kR along the x direction ex,
with h̄kR the recoil momentum unit and h̄ = h/(2ϑ)
the reduced Planck’s constant. The atom-photon dressed
states have a momentum-dependent spin composition,
which is set by the polarization parameter P = ε̃/#̃,

where ε̃ = ε↓2h̄kRk/m and #̃ =
√
#2 + ε̃2 are the gener-

alized detuning and Rabi frequency. Herem is the atomic
mass and h̄k is the momentum along x in the frame ro-
tating at ”ωR and co-moving with the Raman coupling
fields [29]. In this frame, the single-particle Hamiltonian
of the system takes the translationally invariant form

Hkin =
h̄
2

2m
(k+ kRϖzex)

2
↓

h̄ε

2
ϖz +

h̄#

2
ϖx, (1)

where ϖx and ϖz are Pauli matrices. For h̄# < 4ER,
where ER = h̄

2
k
2

R
/2m is the Raman recoil energy, the

dispersion relation of the lower dressed state features two
minima, see Fig. 1(c). The system behaves as a mix-
ture of condensates in the left (ϱ) and right (r) wells
that are non-orthogonal. Thus, a modulated density
profile emerges due to interference between them when
both ϱ and r are simultaneously occupied and miscible
[20, 28]. Their overlap increases with the spin-orbit cou-
pling strength, leading to a contrast of the density modu-
lation that, away from the transition, scales linearly with
# [29].
Our e!ective field theory is based on the e!ective inter-

actions of the optically-dressed states, which are given by
the polarization at the dispersion minima [29]. We name
it the mixture model because it builds on the mixture
picture introduced by [20, 28]. It delivers analytic ex-
pressions for both ground state properties and collective

Spin-orbit coupled BEC 3
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FIG. 2. In situ observation of supersolid stripes. (a) Single shot experimental image of the in situ density profile of the
cloud at h̄! = 2.00± 0.08ER measured with matter-wave optics. The image is rescaled to represent the expected cloud aspect
ratio before matter-wave magnification along x. Top right: corresponding density profile integrated along the stripes. The
black line denotes a modulated Gaussian fit with stripe spacing d. Bottom right: histogram showing the spatial phase of the
modulation ω over 350 realizations. (b) Spacing d of the stripes vs. Raman coupling ! measured from in situ (blue circles) and
time-of-flight (gray squares, see [29]). Solid line: single-particle theory prediction, obtained from the inverse of the momentum
di”erence of the minima of the dispersion relation (shown on the right for di”erent spin-orbit coupling strengths !). Errorbars
correspond to one standard error of the mean (eom). The blue shaded area shows the systematic error of the in situ data from
the magnification calibration.

excitations [29] and highlights the conceptual simplicity
of spin-orbit-coupled supersolids. Figure 1(d) shows the
e!ective interaction parameters according to our mixture
model for a gas with bare scattering lengths a→→, a↑↑, and
a→↑ at detuning ω = 0. Increasing ” reduces the e!ective
intra-well interactions aωω, arr and increases the inter-
well ones aωr. As a result, the miscibility of the system is
reduced and it becomes energetically favorable to occupy
a single minimum of the dispersion relation as soon as
aωr > aωω or aωr > arr. The crystal-like modulation is
then lost and the system transitions to the plane-wave
state. This relation between interactions and coupling
strength demonstrates that obtaining a stripe phase at
large couplings requires a→↑ → a→→, a↑↑. This situation is
not available in atomic species like the 87Rb used in pre-
vious works, where the small scattering length di!erence
yields a very fragile supersolid phase with a contrast of
the density modulation C < 5% [20, 25, 30, 31]. However,
we can achieve it by exploiting two-component potassium
BECs, where the interactions are tunable using Feshbach
resonances [32]. The complete phase diagram of the sys-
tem with 41K at 51.7G in the parameter space of ” and
ω is depicted in Fig. 1(e). The stripe phase appears as
a dome that is not centered at ω = 0 due to the setting
a↑↑ < a→→. The phase diagram shows the contrast C

according to the variational model of Refs. [23, 27], in
excellent agreement with the black dashed lines, which
are analytical predictions from our mixture model. This
constitutes an unusually large, stable, and high-contrast
supersolid stripe phase and provides an excellent regime
to perform our experiments.

II. In situ observation of supersolid stripes

We realize the supersolid stripe phase with a Bose-
Einstein condensate of 41K atoms in states |↑↓ ↔

|F = 1,mF = 0↓ and |↗↓ ↔ |F = 1,mF = ↘1↓. By set-
ting the magnetic field to B = 51.7 ± 0.1G, between
an intra-spin and an inter-spin Feshbach resonance, we
tune the bare state interactions to (a→→, a↑↑, a→↑) = (115±
10, 65±1, 40±8) a0, where a0 is the Bohr radius [32]. We
couple the two states with two Raman laser beams of or-
thogonal polarizations at the tune-out wavelength εR =
768.97 nm, for which scalar potentials cancel. We work at
a zero two-photon Raman detuning h̄ω = 0.00± 0.02ER

(gray band in Fig. 1(e)), where the phase transition point
is independent of the atomic density for our parameter
regime [33]. The Raman beams have a relative angle of
ϑ = 94 ± 1↓, which leads to a momentum transfer along
the x direction of 2h̄kR = 4ϖh̄sin(ϑ/2)/εR [29].

A major challenge for the observation of the super-
solid density modulation is the large optical density of
the cloud and the small period of the stripes d (< 1 µm).
Previous experiments circumvented this di#culty by in-
directly revealing the density modulation through Bragg
scattering of light [8, 25]. We instead obtain direct ac-
cess to the stripes by magnifying the density distribu-
tion by a factor of 25± 2 along the modulated direction
with matter-wave optics, before observing the magnified
stripes with absorption imaging [29]. Figure 2(a) shows a
typical in situ atomic density distribution, as well as the
corresponding integrated density profile for a spin-orbit
coupling strength h̄” = 2.00± 0.08ER. We find that the
position of the stripes, given by the spatial phase ϱ of
the modulation pattern, takes random values from one
experimental realization to another (see right panel).

To investigate the periodicity of the stripes, we extract
the stripe spacing from in situ images taken at di!erent
spin-orbit coupling strengths ”. Figure 2(b) shows that
the stripe spacing d increases significantly with ”, which
can be understood from a momentum-space picture. The
stripe spacing is given by the momentum di!erence $k

of the two dressed states through d = 2ϖ/$k which, at

(Barcelona group, Science 2026)

Dipolar BECs (Innsbruck group, Nature 2021)

(Image from Kadau et al. 2016)
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Table I. Resonances above the 2 & threshold. Exper-
imental energies represent peaks in absorption (Ref.
8). The theoretical positions were obtained by fitting
the phase shift to the expression cot (&—&0) = [E-E,")2F.
Approximate widths obtained using the indicated back-
ground phase shifts (60) appear in the third column.
Resonant energies are expressed as energies above
the ground state of lithium.

I'
Theory Experiment (eV) 6p Classification

64.7
65.17
65.28
66.59
65.87

64.6-65.1
65.25
65.30
65.66
65.89

0.4 0.4
0.01 0.8
0.004 0.8
0.12 0.8
0.004 0.8

(ls2s ~S)3p
(1s2P 'r) 3s
(1s2p P)3d
(1s2P 'a)4s
(1s2P 'I )4d

*Present address: Dublin Institute of Advanced Stud-
ies, Dublin, Ireland.
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Can a Solid Be "Superfluid"?

A. J. Leggett
School of Mathematical and Physical Sciences, University of Sussex, Falme~, Brighton, Sussex, England

{Received 15 September 1970)

It is suggested that the property of nonclassical rotational inertia possessed by super-
fluid liquid helium may be shared by some solids. In particular, nonclassical rotational
inertia very probably occurs if the solid is Bose-condensed as recently proposed by
Chester. Anomalous macroscopic effects are then predicted. However, the associated
superfluid fraction is shown to be very small {probably &10 ) even at T =0, so that these
effects could well have been missed. Direct tests are proposed.

Most of the striking macroscopic properties of
superfluid liquid helium can be explained if we
make the following assumption, which we shall
call the assumption of nonclassical rotational in-
ertia (NCRI): Suppose that we enclose a number
N of helium atoms in a cylindrical annulus of in-
terna. l radius R and thickness d, and rotate the
enclosing surfaces about the axis of the cylinders
at constant angular velocity co. Then the free en-
ergy F(u) measured in the rest frame is assumed
to be of the form
F (&u) =F0+ 2I,(u'+ b,F((u),

where +, is the free energy for ~ = 0 and I, is the
classical moment of inertia VmR' (here, as ev-

erywhere, we neglect terms in d/R and also the
effect of density redistribution due to the centrif-
ugal forces, which is proportional to (o and neg-
ligible at low velocities). The term ~(u) by
which F(m) departs from the classical result is
assumed to be even and periodic in + with period

~, = h/o. mR',
where a is a number of order 1 (not order N);
for ~ & ~,/2 the function ~(&u) is of the form~(~) = .(p, /p)1, ~', ——

which defines the superfluid fraction p,/p. For
a normal system ~(o, ) is either identically zero

1543
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ϱ(x)
ρ(x)

ρs(x)

Microscopic densityCoarse-grained density Superfluid density

Twist (macroscopic) phase  at the 
boundaries and solve for stationary state

θ

Δθ
θMicroscopic phase ϑ

Why is the superfluid fraction not 100% at T  = 0?

Phase steps reveal reduced superfluid fraction

Focus on a single lattice site

ϑ

ϱ(x) ϑ(x)

  changes at 
2nd order in !
ϱ

Δθ

v(x) = ℏ
m

∂xϑ

Local velocity? Current ?

Jx = v(x)ϱ(x)

Constant: b/c 
 stationary!ψ

∂tϱ = − ∇ ⋅ JIn 1D we have:

Jx = const ⟶ v(x) = J/ϱ(x)



Supersolid in a pipe

Twist phase vs = ℏ
m

Δθ
L

Stationary crystal

Consider phase  = Δϑ Δθ

Δϑ ∝ ∫ v(x) dx = Jx ∫ 1
ϱ(x) dx

Flowing superfluid Jx
Equate to Δθ ∝ vsL

ρs = ⟨ 1
ϱ(x) ⟩

−1
Leggett superfluid fraction

Leggett PRL 1970

Upper bound (T=0). Exact for 1D meanfield

vs = Jx ⟨ 1
ϱ(x) ⟩

⟨ . ⟩ = 1
L ∫ dx .

Spatial ave

Jx = ρsvs
Superfluid relationship

Expts: 1D optical lattices LKB and JQI;

1D supersolids by Pisa



Superfluidity in Higher dimensions
ψ0 = ϱ(x) ⟶ ϱ(x)eiϕ1(x)+i

m
ℏ vs⋅xPhase twist:

∇ ⋅ J = 0 ⟶ ℏ
m

∇ ⋅ (ϱ(x)∇ϕ1(x)) = − vs ⋅ ∇ϱ(x)
The stationary condition:

Saslow, PRL 1976

weighted Poisson equation

J = 1
V ∫ dx ϱ(x)[vs + ℏ

m
∇ϕ1(x)] ⟶ Ji = ∑

j
ρ(s)

ij vs,j .

Coarse-grain to extract superfluidity:

ρ(s)
ij = ϱ̄δij + ℏ

mV ∫ dx ϱ(x)∂i ( ∂ϕ1
∂vsj ),Superfluid tensor:

Leggett bound(s) work but are usually not tight.

Expts: with 2D optical lattices LKB (Rabec PRL 2026)

(lim vs → 0)



• Ideally, want: low constrast density modulation 
or a highly connected crystal.

Key challenge

       fs → 0 fs → O(1)

Leggett upper 

bound   ρs = ⟨ 1
ϱ(x) ⟩

−1

SupersolidIndependent droplets

fs = ρs/ρ



Dipolar systems & Experiments



Magnetic dipole-dipole interactions

Similarly, for the longitudinal field ul = ulq̂, we have Muuul = [(ω̃ + 2µ)q2 → mε2ϑn]ul and Mωuul = →⊋εϑ̃q, so we have the

e!ective 2↑ 2 system:

Ml =

(⊋2

m (ϑsq2 →mϑ2ϖε2) →⊋εϑ̃q
→⊋εϑ̃q ϱuuq2 →mε2ϑn

)
(19)

where ϱuu ↓ ω̃+ 2µ is the longitudinal elastic modulus. This is solved by (18), with

c2s = ϑs/mϑ2ϖ c2L = ϱuu/mϑn c2ε̃ = ϑ̃2/mϑ2ϖϑn

5.2 Other stu!

Udd(r) =
µ0µ2

4ς

1→ 3(µ̂ · r̂)2

r3

Udd(r) =
gdd
4ς

1→ 3 cos2 φ

r3

↔ 1

r3

U(r) = gs↼(r) +
gdd
4ς

1→ 3 cos2 φ

r3

gs =
4ςas⊋2

m
gdd =

4ςadd⊋2
m

3

Anisotropic

Repulsive
Attractive

Longrange

Similarly, for the longitudinal field ul = ulq̂, we have Muuul = [(ω̃ + 2µ)q2 → mε2ϑn]ul and Mωuul = →⊋εϑ̃q, so we have the

e!ective 2↑ 2 system:

Ml =

(⊋2

m (ϑsq2 →mϑ2ϖε2) →⊋εϑ̃q
→⊋εϑ̃q ϱuuq2 →mε2ϑn

)
(19)

where ϱuu ↓ ω̃+ 2µ is the longitudinal elastic modulus. This is solved by (18), with

c2s = ϑs/mϑ2ϖ c2L = ϱuu/mϑn c2ε̃ = ϑ̃2/mϑ2ϖϑn

5.2 Other stu!

Udd(r) =
µ0µ2

4ς

1→ 3(µ̂ · r̂)2

r3

Udd(r) =
gdd
4ς

1→ 3 cos2 φ

r3

↔ 1

r3

U(r) = gs↼(r) +
gdd
4ς

1→ 3 cos2 φ

r3

gs =
4ςas⊋2

m
gdd =

4ςadd⊋2
m

3

Magnetic DDI



Tuneable two body interactions

Similarly, for the longitudinal field ul = ulq̂, we have Muuul = [(ω̃ + 2µ)q2 → mε2ϑn]ul and Mωuul = →⊋εϑ̃q, so we have the

e!ective 2↑ 2 system:

Ml =

(⊋2

m (ϑsq2 →mϑ2ϖε2) →⊋εϑ̃q
→⊋εϑ̃q ϱuuq2 →mε2ϑn

)
(19)

where ϱuu ↓ ω̃+ 2µ is the longitudinal elastic modulus. This is solved by (18), with

c2s = ϑs/mϑ2ϖ c2L = ϱuu/mϑn c2ε̃ = ϑ̃2/mϑ2ϖϑn

5.2 Other stu!

Udd(r) =
µ0µ2

4ς

1→ 3(µ̂ · r̂)2

r3

Udd(r) =
gdd
4ς

1→ 3 cos2 φ

r3

↔ 1

r3

U(r) = gs↼(r) +
gdd
4ς

1→ 3 cos2 φ

r3

gs =
4ςas⊋2

m
gdd =

4ςadd⊋2
m

gs > gdd gs ↔ gdd gs < gdd

3

[9]. The reduction of a close to B0 !! is accompanied by
inelastic losses. By measuring the 1=e lifetime and the
density of the BEC close to resonance, we estimate the
three-body loss coefficient to be constant for the range of
scattering lengths (5 < a=a0 < 30) studied here, with a
value L3 " 2# 10$40 m6=s.

To study the collapse dynamics, we first create a BEC
of typically 20 000 atoms in a trap with frequencies
%!x;!y;!z&’ %660;400;530&Hz at a magnetic field "10 G
above the Feshbach resonance, where the scattering length
is a ’ 0:9abg. We then decrease a by ramping down B line-
arly over 8 ms to a value ai ' 30a0 which still lies well
above the critical value for collapse, measured to be at
acrit ’ %15( 3&a0 [shaded area on Fig. 1(a)] for our pa-
rameters [9]. This ramp is slow enough to be adiabatic
( _a=a ) !x;y;z), so that the BEC is not excited during it.
After 1 ms waiting time, a is finally ramped down rapidly
to af ' 5a0, which is below the collapse threshold. For
this, we ramp linearly in 1 ms the current I%t& in the coils
providing the magnetic field B'"I. However, due to eddy
currents in the metallic vacuum chamber, the actual value
of B%t& and hence that of a%t& change in time as depicted in
blue on Fig. 1(a). To obtain this curve, we used Zeeman
spectroscopy to measure the step response of B%t& to a jump
in the current I%t& (corresponding to a "15 G change in B),
and found that the resulting B%t& is well described if # _B!
B ' "I%t& holds, with # ’ 0:5 ms. From this equation and
the measured I%t& we determine the actual a%t&.

After the ramp, we let the system evolve for an adjust-
able time thold and then the trap is switched off. Note that
the origin of thold corresponds to the end of the ramp in I%t&.
Because of eddy currents, thold ' 0 about 0.2 ms before the

time at which the scattering length crosses acrit. However,
as we shall see below, even for thold < 0:2 ms a collapse
(happening not in trap, but during the time of flight) is
observed, since during expansion the scattering length
continues to evolve towards af . The large magnetic field
along z is rapidly turned off (in less than 300 $s) after 4 ms
of expansion, and the condensate expands for another 4 ms
in an 11 G field pointing in the x direction, before being
imaged by absorption of a resonant laser beam propagating
along x. Changing the direction of the field allows us to use
the maximum absorption cross section for the imaging (if
the latter was done in high field, the absorption cross sec-
tion would be smaller, thus reducing the signal to noise
ratio of the images). We checked that this fast switching
has no influence on the condensate dynamics. We observe
that the atomic cloud has a clear bimodal structure, with a
broad isotropic thermal cloud, well fitted by a Gaussian,
and a much narrower, highly anisotropic central feature,
interpreted as the remnant BEC [see Figs. 1(b) and 1(c)].

The upper row of Fig. 1(d) shows the time evolution of
the condensate when varying thold. The images were ob-
tained by averaging typically five absorption images taken
under the same conditions; the thermal background was
subtracted, and the color scale was adjusted separately for
each thold for a better contrast. From an initial shape
elongated along the magnetization direction z, the conden-
sate rapidly develops a complicated structure with an ex-
panding, torus-shaped part close to the z ' 0 plane.
Interestingly, the angular symmetry of the condensate at
some specific times (e.g., at thold ' 0:5 ms) is reminiscent
of the d-wave angular symmetry 1$ 3cos2% of the DDI.
For larger values of thold, we observe that the condensate
‘‘refocuses’’ due to the presence of the trap [17].

FIG. 1 (color). Collapse dynamics of
the dipolar condensate. (a) Timing of
the experiment. The red curve represents
the time variation of the scattering length
a%t& one would have in the absence of
eddy currents, while the blue curve is
obtained by taking them into account
(see text). (b) Sample absorption image
of the collapsed condensate for thold '
0:4 ms, after 8 ms of time of flight,
showing a ‘‘cloverleaf’’ pattern on top
of a broad thermal cloud. This image was
obtained by averaging 60 pictures taken
under the same conditions. (c) Same
image as (b) with the thermal cloud
subtracted. In (b) and (c) the field of
view is 270 $m by 270 $m. The green
arrow indicates the direction of the mag-
netic field. (d) Series of images of the
condensate for different values of thold
(upper row) and results of the numerical
simulation without adjustable parameters
(lower row); the field of view is 130 $m
by 130 $m.
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Figure 2.19: Collapse dynamics of the dipolar condensate for vari-
able hold times thold (see text). Top: experimental images aver-
aged over around five experimental runs per pane, with the thermal
cloud subtracted. Bottom: Numerical calculations using the DGPE
(Eq. (2.10)). (Fig. taken from Ref. [104]).

rapidly remove a large portion of the central atoms. The corresponding sudden loss
of the DDI induced centrifugal force causes the remaining central atoms to be ejected
radially in a ring formation due to the quantum pressure. This ring (or belt) around
the centre of what remains of the rod is responsible for the d-wave resemblance.

Quasi-2D Uniform System

In Sec. 2.3.1 we discussed Bogoliubov theory in the context of the quasi-2D system,
assuming a ground harmonic oscillator state for the z-direction profile. Here we revisit
the quasi-2D system, but this time with the question of stability in mind.

Recall the quasi-2D Bogoliubov dispersion relation (Eq. (2.30))
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which we use to construct Fig. 2.20 (from our paper [19]). We show the generic features
of the quasi-2D system as the dipolar and contact interaction parameters are varied.
Notably, the system can become unstable through a phonon or roton instability where
k⇢ ! 0 (case B) or k⇢ ⇠ 1/az (case D) modes, respectively, soften and develop imag-
inary eigenvalues. Within the stable region we have indicated a sub-region where the
dispersion relation has a roton feature i.e. a local minimum at finite k⇢ (case C).

The phonon instability boundary is simply obtained from Eq. (2.30) by recalling
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Similarly, for the longitudinal field ul = ulq̂, we have Muuul = [(ω̃ + 2µ)q2 → mε2ϑn]ul and Mωuul = →⊋εϑ̃q, so we have the

e!ective 2↑ 2 system:

Ml =

(⊋2

m (ϑsq2 →mϑ2ϖε2) →⊋εϑ̃q
→⊋εϑ̃q ϱuuq2 →mε2ϑn

)
(19)

where ϱuu ↓ ω̃+ 2µ is the longitudinal elastic modulus. This is solved by (18), with

c2s = ϑs/mϑ2ϖ c2L = ϱuu/mϑn c2ε̃ = ϑ̃2/mϑ2ϖϑn

5.2 Other stu!
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χ1f(r) = N
∫
dr′ ψ∗

0(r
′)Vint(r− r′)f(r′)ψ0(r), (30)

χ2f(r) = N
∫
dr′ ψ0(r′)Vint(r− r′)f(r′)ψ0(r), (31)

Table: Dipolar constants for various atomic and molecular species. For the molecular species, the (yet
unknown) scattering length is assumed to be 100 a0 (as the C6 coefficient of the dimer is comparable to
the one of a single atom, the order of magnitude of the scattering length is similar, but obviously the
actual value highly depends on the details of the potential).

Species Dipole moment add ϵdd

87Rb 1.0µB 0.7 a0 0.007
52Cr 6.0µB 16 a0 0.16
168Er 7.0µB 67 a0 0.38
164Dy 10µB 130 a0 1.3
KRb 0.6 D 2.0× 103a0

Table: Dipolar constants for various atomic and molecular species. For the molecular species, the (yet
unknown) scattering length is assumed to be 100 a0 (as the C6 coefficient of the dimer is comparable to
the one of a single atom, the order of magnitude of the scattering length is similar, but obviously the
actual value highly depends on the details of the potential).

Species µm add

52Cr 6.0µB 16 a0
168Er 7.0µB 65.5 a0
164Dy 10µB 131 a0
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)
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where ϱuu ↓ ω̃+ 2µ is the longitudinal elastic modulus. This is solved by (18), with
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Key ingredient for supersolidity: 
(1) Confinement along dipole direction
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Figure 1 — Roton mode in a dBEC. a, axially elongated ge-
ometry with dipoles oriented transversely. b, real (solid lines)
and imaginary (norm of the dotted line) parts of the disper-
sion relation of a dBEC in the geometry a, showing the emer-
gence of a roton minimum for decreasing as (dashed arrow).
The DDI changes from repulsive (blue) to attractive (red) de-
pending on the dipole alignment (inset). b1, b2, the dipole
alignment (color code as in inset) associated to small- (b1)
and large-ky (b2) density modulations. c, d, distributions on
the kx ky-plane associated with the roton population in cigar
a or pancake d geometries with an identical roton population
and colorscale.

focus on its axial elementary excitations, of momentum ky.
These excitations correspond in real space to a density modu-
lation along y of wavelength 2p/ky. For low ky, the atoms sit
mainly side-by-side and the repulsive nature of the DDI pre-
vails, stiffening the phononic part of the dispersion relation
(Fig. 1b1). In contrast, for ky`z & 1, `z being the characteristic
z confinement length, the excitation favours head-to-tail align-
ments and the DDI contribution to e(ky) eventually changes
sign [3] (Fig. 1b2). The resulting softening of e(ky) is counter-
balanced by the contributions of the repulsive contact interac-
tion, and of the kinetic energy, which ultimately dominates at
very large ky. For strong enough DDI, this competition gives
rise to a roton minimum in e(ky), occurring at a momentum
ky = krot set by the geometrical scaling krot ⇠ 1/`z (see below
and e.g. [3, 8, 9]).

Similar to the helium case, the roton energy gap, D =
e(krot), depends on the density and on the strength of the inter-
actions. In ultracold gases, both quantities can be controlled.
In particular, the scattering length as, setting the strength of
the contact interaction, can be tuned using Feshbach reso-
nances [12]. As as is reduced, D decreases, vanishes, and
eventually becomes imaginary (Fig. 1b). In the latter case,

the system undergoes a roton instability and the population at
ky = 0 is transferred in ±krot at an exponential rate [5, 6]. The
population of the roton mode is then readily visible in the mo-
mentum distribution of the gas (Fig. 1c-d). In the extensively-
studied pancake geometries, the roton population in k-space
spreads over a ring of radius k = krot because of the radial
symmetry of the confinement (Fig. 1d). Such a spread can be
avoided using a cigar geometry. Here, the roton population
focuses in two prominent peaks at ky = ±krot, enhancing the
visibility of the effect (Fig. 1c).

We explore the above-described physics using strongly
magnetic 166Er atoms. The experiment starts with a stable
dBEC in a cigar-shaped harmonic trap of frequencies nx,y,z,
elongated along the y axis. The trap aspect ratio, l = nz/ny,
can be tuned from about 4 to 30, corresponding to nz rang-
ing from 150 Hz to 800 Hz, whereas ny and nz/nx are kept
constant at about 35Hz and 1.6, respectively (Methods). An
external homogeneous magnetic field, B, fixes the dipole ori-
entation (magnetisation) with respect to the trap axes and sets
the values of as through a magnetic Feshbach resonance, cen-
tered close to B = 0G. In previous experiments, we precisely
calibrated the B-to-as conversion for this resonance [25]. The
BEC is prepared at ai

s = 61a0 (B = 0.4G) with transverse
(z) magnetisation. The characteristic dipolar length, defined
as add = µ0µ2

mm/12p h̄2, is 65.5a0, with m the mass and µm
the magnetic moment of the atoms, h̄ = h/2p is the reduced
Planck constant, µ0 the vacuum permeability and a0 the Bohr
radius.

To excite the roton mode, we quench as to a desired lower
value, af

s, and shortly hold the atoms in the trap for a time
th. We measure that as converges to its set value with a
characteristic time constant of 1ms during th. We then re-
lease the atoms from the trap, change as back close to its
initial value and let the cloud expand for 30ms. We probe
the momentum distribution ñ(kx,ky) by performing standard
resonant absorption imaging on the expanded cloud (Meth-
ods). The measurement is then repeated at various values of
as < add in a fixed trap geometry. The momentum distribu-
tion shows a striking behaviour (Fig. 2). For large enough as,
ñ(kx,ky) shows a single narrow peak with an inverted aspect
ratio compared to the trapped gas, typical of a stable BEC [12]
(Fig. 2a). We define the center of the distribution as the origin
of k. In contrast, when further decreasing as below a criti-
cal value a⇤s , we observe a sudden appearance of two sym-
metric finite-momentum peaks, of similar shape and located
at ky = ±krot (Fig. 2b-c). By repeating the experiment sev-
eral times, we observe that the peaks consistently appear at
the same locations, and they are visible in the averaged dis-
tributions. To quantitatively investigate the peak structures,
we fit a sum of three Gaussian distributions to the central cuts
of the average ñ(kx,ky) (Fig. 2a1-c1). From the fit we extract
the central momentum, krot, and the amplitude, A⇤, of the side
peaks.

A major fingerprint of the roton mode in dBECs is its geo-
metrical nature, leading to a universal scaling krot ⇠ 1/`z (see
e.g. [3, 4, 8, 9]). In addition, the dependency of krot on as close
to the instability is expected to be mild as krot remains mainly
set by its geometrical nature [3, 8]. We investigate both depen-
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Figure 2 — Observed roton peaks and characteristic scal-
ings. a-c, ñ(kx,ky) obtained by averaging 15-to-25 absorp-
tion images for (nz,l ) = (456Hz,14.4), th = 3ms and: a,
as = 54a0, b, as = 44a0 and c, as = 37a0. a1-c1, correspond-
ing cuts at kx ⇡ 0 (dots) and their fits to three-Gauss distri-
butions (lines), from which we extract krot and A⇤. d, Mea-
sured krot depending on 1/`z at as . a⇤s for ny ⇡ 35Hz (cir-
cles) and ny = 17(1)Hz (triangle). e, krot depending on as for
(nz,l ) = (149Hz,4.3) (circles). In (d-e), error bars show the
95% confidence interval of the three-Gauss fits (see a1-c1).
The squares (diamonds) show predictions from the SSM (NS)
in their range of validity (Methods). Lines are guides-to-the-
eye.

dencies in the experiment. In a first set of experiments, we re-
peat the quench measurements for various trap parameters and
extract krot. We clearly observe the expected geometrical scal-
ing. krot shows a marked increase with 1/`z = 2p

p
mnz/h,

matching well with a linear progression with a slope of 1.61(4)
(Fig. 2d). Note that no dependence of krot on ny is observed. In
a second set of experiments, we fix the trap geometry and ex-
plore the dependence of krot on as. We observe that, within our
experimental uncertainty, krot stays constant when decreasing
as (Fig. 2e). This behaviour contrasts the one expected for
a phonon-driven modulation instability that exhibits a strong
as-dependence [27].

To gain a deeper understanding of the roton excitations in

our system and its dynamical population, we develop both an
analytical model and full numerical simulations and compare
the findings with our experimental data. Our analytical model
starts by calculating the roton spectrum of the stationary BEC,
generalizing the results of Ref. [3] to a non-radially symmet-
ric configuration. Since the roton wavelength is much smaller
than the extension of our 3D BEC along y, this mode can be
evaluated using a local density approximation in y. Hence,
for our model, we consider a dBEC homogeneous along y,
of axial density n0, harmonically confined along x and z. To
analytically evaluate the roton spectrum, we approximate the
BEC wavefunction using the Thomas-Fermi (TF) approxima-
tion. For dominant DDI, edd = add/as � 1, we find that e(ky)
indeed rotonizes (Methods). In the vicinity of the roton min-
imum and for edd ⇠ 1, the computed dispersion acquires a
gapped quadratic form similar to that of helium rotons:

e(ky)
2 ' D2 +

2h̄2k2
rot

m
h̄2

2m
(ky � krot)

2. (1)

The roton momentum reads as krot =
p

2m(E2
0 � D2)1/4/h̄,

with D =
q

E2
0 �E2

I , EI = 2gn0(edd � 1)/3, g = 4p h̄2as/m,

and E2
0 = 2geddn0

h̄2

2m
�
X�2 +Z�2�. The TF radii verify

X2,Z2 µ gn0 so that E0 µ hnz, with a scale set by edd and nz/nx
but independent of gn0 [15]. Close to the instability (D ' 0),
the roton momentum thus follows a simple geometrical scal-
ing, krot = k/`z with the geometrical factor k depending on
nz/nx alone. For completeness, we have also performed full
3D numerical calculations of the static Bogoliubov spectrum
of a finite trapped dBEC, confirming the existence and scaling
of the roton mode (Supplementary Information).

The above stationary description accounts for the existence
of the roton mode in the cigar geometry used in experiments,
and predicts the scaling of krot and D with the system param-
eters. However the quench of as introduces a dynamic, which
is crucial to quantitatively reproduce the experimental obser-
vations. The reduction of as decreases the contact interaction
and additionally induces a compression of the cloud. This
yields a dynamical modification of the local roton dispersion
relation, and the roton may be destabilised during the evo-
lution. This dynamical destabilisation is well accounted for
by a self-similar model (SSM) describing the evolution of the
cloud shape after the quench [12]. In particular, we consider
a 3D harmonic confinement, and, starting from the stationary
TF profile at ai

s, we evaluate the evolution of the cloud along
the change of as assuming that the TF shape is maintained but
with time-dependent TF radii (Methods). We then estimate
the local (along y) instantaneous roton spectrum e(ky,y, th) us-
ing a local density approximation, i.e. evaluating Eq. (1) with
the experimentally calibrated as(th), and the n0(y, th), X(y, th),
Z(y, th) estimated from the 3D profile (Methods). We indeed
find that the roton gap decreases and eventually turns imagi-
nary (D(th)2 < 0) (Fig. 3a). When this occurs the population at
ky ⇡ krot exponentially grows with an instantaneous local rate
2Im[e(ky,y, th)]/h̄, Im[.] indicating the imaginary part, giving
rise to two symmetric side peaks in the axial momentum dis-
tribution ñ1(ky, th) µ

R
exp

�
2
R th

0 Im[e(ky,y, t)]dt
�

dy (Fig. 3b)
(Methods). The center of the peaks, ±krot(th), also evolves

lz

E.g., see: Cai et al., PRA (2010); Baillie et al., NJP 
(2015); Blakie  et al., CTP (2020);



Key ingredient for supersolidity: 
(2) Beyond-meanfield effects
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In Fig. 1b, we show typical in situ images of the resultant triangular 
patterns for the quantum ferrofluid with different numbers of droplets, 
Nd, ranging from two to ten. To analyse the average number of atoms 

per droplet, we count the number of droplets Nd in relation to the total 
number of atoms. Figure 1c indicates a linear dependence between Nd 
and the number of atoms, with a slope of 1,750(300) atoms per droplet. 
For Nd = 2, we observe a droplet distance of d = 3.0(4) µm. The droplets, 
which have a large effective dipole moment of Ndµ, strongly repel each 
other while the radial trapping applies a restoring force. Hence, the dis-
tance d can be calculated using a simplified one-dimensional classical 
system by minimizing the energy of the system.

We assume two strongly dipolar particles with 1,750 times the mass 
and magnetic moment of a Dy atom that are confined in a harmonic 
trap. For our experimental parameters, these particles minimize their 
energy with a distance of d = 3.3 µm, in agreement with the observed 
distance. For Nd > 2, the droplets arrange mostly in triangular struc-
tures, and form a microscopic crystal with a droplet distance of 
d = 2–3 µm. Owing to the isotropy of the repulsion between droplets 
in the radial plane, we expect the triangular configuration to have the 
lowest energy. Because of the repelling dipolar force between the drop-
lets, we observe in the radial direction nearly round, discrete droplets 
with possible weak overlap to neighbouring ones.

Comparing our quantum ferrofluid with a classical ferrofluid, very 
similar behaviour and patterns have been observed on a superhydro-
phobic surface3. In this classical-ferrofluid system, a single droplet 
first deforms as the external magnetic field increases, and then divides 
into two droplets when some critical field is reached. For a quantum 
ferrofluid, a single droplet should be unstable for a < add, owing to 
the attractive part of the dipolar interaction, and so should collapse. 
Although, the counteracting quantum pressure—the zero-point energy 
that exists as a result of an external trapping potential—can compen-
sate attraction and prevent collapse26, mean field calculations18 predict 
this not to be the case. Our observation of stable droplet ensembles 
is therefore striking, and further work is needed to understand their 
stability. A possible stabilizing effect is that of quantum fluctuations, 
leading to beyond mean-field effects27. Such stabilization has been sug-
gested in a similar situation of competing attraction and repulsion28, 
and an increased effect of quantum fluctuations has been calculated 
for strongly dipolar gases29.

As further quantitative statistical analysis, we computed the 
Fourier spectrum S(k) of the obtained images (Fig. 2a–c). The pat-
terns are visible as a local maximum in S(k) at finite momentum 
k = 2π/d ≈ 2.5 µm−1, whereas the spectrum of a BEC monotonically 
decreases with k. We define the spectral weight
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1

which is a quantity that represents the strength of the structured states, 
and normalize it such that a BEC has SWBEC = 1. After a quench of 
the interactions from a ≈ add to a ≈ abg, we statistically investigated the 
pattern-formation time and the lifetime of these patterns (Fig. 2d). We 
repeated this measurement 13 times and found statistically that the 
pattern is fully developed after 7 ms, and has a 1/e lifetime of about 
300 ms. The decay of the droplet structure is accompanied by a decrease 
in the number of atoms, with a 1/e lifetime of about 130 ms, while the 
residual thermal cloud is constant. Owing to the decreasing number 
of atoms, the structures evolve back to lower numbers of droplets, Nd, 
until they merge back into one droplet (insets of Fig. 2d). In compari-
son, because we measured lifetimes of a non-structured BEC of more 
than 5 s, we assume increased three-body losses as a reason for the 
reduced lifetime. One indication of this is the measured atomic peak 
density for droplets of n ! 5 × 1020 m−3, which is greater than the den-
sity of a BEC, n ≈ 1020 m−3.

To explore the nature of this instability, we performed the following 
experimental sequence, depicted in Fig. 3a. We prepared the BEC close 
to the Feshbach resonance with a ≈ add and ramped the magnetic field 
linearly to varying values near the instability point. We ensured that the 
structures were formed within 10 ms, even for values of the magnetic 
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Figure 1 | Growth of a microscopic droplet crystal. a, Schematic of the 
experimental procedure. We prepared a stable, strongly dipolar Dy BEC 
with a ≈ add in a pancake-shaped trap (left). By decreasing the scattering 
length a, we induced an instability close to a ≈ abg. Following this 
instability, the atoms clustered to droplets in a triangular pattern (right). 
b, Representative single samples of droplet patterns imaged in situ, with 
droplet numbers, Nd, ranging from two to ten. c, We used a set of 112 
realizations with different numbers of droplets and atoms for a statistical 
analysis. The plot shows the mean number of atoms as a function of the 
number of droplets Nd, with error bars indicating the standard deviation. 
The fitted linear relation (grey dashed line) has a slope of 1,750(300) atoms 
per droplet. This shows that increasing the number of atoms results in 
growth of the microscopic droplet crystal.
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In Fig. 1b, we show typical in situ images of the resultant triangular 
patterns for the quantum ferrofluid with different numbers of droplets, 
Nd, ranging from two to ten. To analyse the average number of atoms 

per droplet, we count the number of droplets Nd in relation to the total 
number of atoms. Figure 1c indicates a linear dependence between Nd 
and the number of atoms, with a slope of 1,750(300) atoms per droplet. 
For Nd = 2, we observe a droplet distance of d = 3.0(4) µm. The droplets, 
which have a large effective dipole moment of Ndµ, strongly repel each 
other while the radial trapping applies a restoring force. Hence, the dis-
tance d can be calculated using a simplified one-dimensional classical 
system by minimizing the energy of the system.

We assume two strongly dipolar particles with 1,750 times the mass 
and magnetic moment of a Dy atom that are confined in a harmonic 
trap. For our experimental parameters, these particles minimize their 
energy with a distance of d = 3.3 µm, in agreement with the observed 
distance. For Nd > 2, the droplets arrange mostly in triangular struc-
tures, and form a microscopic crystal with a droplet distance of 
d = 2–3 µm. Owing to the isotropy of the repulsion between droplets 
in the radial plane, we expect the triangular configuration to have the 
lowest energy. Because of the repelling dipolar force between the drop-
lets, we observe in the radial direction nearly round, discrete droplets 
with possible weak overlap to neighbouring ones.

Comparing our quantum ferrofluid with a classical ferrofluid, very 
similar behaviour and patterns have been observed on a superhydro-
phobic surface3. In this classical-ferrofluid system, a single droplet 
first deforms as the external magnetic field increases, and then divides 
into two droplets when some critical field is reached. For a quantum 
ferrofluid, a single droplet should be unstable for a < add, owing to 
the attractive part of the dipolar interaction, and so should collapse. 
Although, the counteracting quantum pressure—the zero-point energy 
that exists as a result of an external trapping potential—can compen-
sate attraction and prevent collapse26, mean field calculations18 predict 
this not to be the case. Our observation of stable droplet ensembles 
is therefore striking, and further work is needed to understand their 
stability. A possible stabilizing effect is that of quantum fluctuations, 
leading to beyond mean-field effects27. Such stabilization has been sug-
gested in a similar situation of competing attraction and repulsion28, 
and an increased effect of quantum fluctuations has been calculated 
for strongly dipolar gases29.

As further quantitative statistical analysis, we computed the 
Fourier spectrum S(k) of the obtained images (Fig. 2a–c). The pat-
terns are visible as a local maximum in S(k) at finite momentum 
k = 2π/d ≈ 2.5 µm−1, whereas the spectrum of a BEC monotonically 
decreases with k. We define the spectral weight
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which is a quantity that represents the strength of the structured states, 
and normalize it such that a BEC has SWBEC = 1. After a quench of 
the interactions from a ≈ add to a ≈ abg, we statistically investigated the 
pattern-formation time and the lifetime of these patterns (Fig. 2d). We 
repeated this measurement 13 times and found statistically that the 
pattern is fully developed after 7 ms, and has a 1/e lifetime of about 
300 ms. The decay of the droplet structure is accompanied by a decrease 
in the number of atoms, with a 1/e lifetime of about 130 ms, while the 
residual thermal cloud is constant. Owing to the decreasing number 
of atoms, the structures evolve back to lower numbers of droplets, Nd, 
until they merge back into one droplet (insets of Fig. 2d). In compari-
son, because we measured lifetimes of a non-structured BEC of more 
than 5 s, we assume increased three-body losses as a reason for the 
reduced lifetime. One indication of this is the measured atomic peak 
density for droplets of n ! 5 × 1020 m−3, which is greater than the den-
sity of a BEC, n ≈ 1020 m−3.

To explore the nature of this instability, we performed the following 
experimental sequence, depicted in Fig. 3a. We prepared the BEC close 
to the Feshbach resonance with a ≈ add and ramped the magnetic field 
linearly to varying values near the instability point. We ensured that the 
structures were formed within 10 ms, even for values of the magnetic 
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Figure 1 | Growth of a microscopic droplet crystal. a, Schematic of the 
experimental procedure. We prepared a stable, strongly dipolar Dy BEC 
with a ≈ add in a pancake-shaped trap (left). By decreasing the scattering 
length a, we induced an instability close to a ≈ abg. Following this 
instability, the atoms clustered to droplets in a triangular pattern (right). 
b, Representative single samples of droplet patterns imaged in situ, with 
droplet numbers, Nd, ranging from two to ten. c, We used a set of 112 
realizations with different numbers of droplets and atoms for a statistical 
analysis. The plot shows the mean number of atoms as a function of the 
number of droplets Nd, with error bars indicating the standard deviation. 
The fitted linear relation (grey dashed line) has a slope of 1,750(300) atoms 
per droplet. This shows that increasing the number of atoms results in 
growth of the microscopic droplet crystal.
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In Fig. 1b, we show typical in situ images of the resultant triangular 
patterns for the quantum ferrofluid with different numbers of droplets, 
Nd, ranging from two to ten. To analyse the average number of atoms 

per droplet, we count the number of droplets Nd in relation to the total 
number of atoms. Figure 1c indicates a linear dependence between Nd 
and the number of atoms, with a slope of 1,750(300) atoms per droplet. 
For Nd = 2, we observe a droplet distance of d = 3.0(4) µm. The droplets, 
which have a large effective dipole moment of Ndµ, strongly repel each 
other while the radial trapping applies a restoring force. Hence, the dis-
tance d can be calculated using a simplified one-dimensional classical 
system by minimizing the energy of the system.

We assume two strongly dipolar particles with 1,750 times the mass 
and magnetic moment of a Dy atom that are confined in a harmonic 
trap. For our experimental parameters, these particles minimize their 
energy with a distance of d = 3.3 µm, in agreement with the observed 
distance. For Nd > 2, the droplets arrange mostly in triangular struc-
tures, and form a microscopic crystal with a droplet distance of 
d = 2–3 µm. Owing to the isotropy of the repulsion between droplets 
in the radial plane, we expect the triangular configuration to have the 
lowest energy. Because of the repelling dipolar force between the drop-
lets, we observe in the radial direction nearly round, discrete droplets 
with possible weak overlap to neighbouring ones.

Comparing our quantum ferrofluid with a classical ferrofluid, very 
similar behaviour and patterns have been observed on a superhydro-
phobic surface3. In this classical-ferrofluid system, a single droplet 
first deforms as the external magnetic field increases, and then divides 
into two droplets when some critical field is reached. For a quantum 
ferrofluid, a single droplet should be unstable for a < add, owing to 
the attractive part of the dipolar interaction, and so should collapse. 
Although, the counteracting quantum pressure—the zero-point energy 
that exists as a result of an external trapping potential—can compen-
sate attraction and prevent collapse26, mean field calculations18 predict 
this not to be the case. Our observation of stable droplet ensembles 
is therefore striking, and further work is needed to understand their 
stability. A possible stabilizing effect is that of quantum fluctuations, 
leading to beyond mean-field effects27. Such stabilization has been sug-
gested in a similar situation of competing attraction and repulsion28, 
and an increased effect of quantum fluctuations has been calculated 
for strongly dipolar gases29.

As further quantitative statistical analysis, we computed the 
Fourier spectrum S(k) of the obtained images (Fig. 2a–c). The pat-
terns are visible as a local maximum in S(k) at finite momentum 
k = 2π/d ≈ 2.5 µm−1, whereas the spectrum of a BEC monotonically 
decreases with k. We define the spectral weight

∑= ( )
= . µ

µ

−

−

S kSW
k 1 5 m

5 m

1

1

which is a quantity that represents the strength of the structured states, 
and normalize it such that a BEC has SWBEC = 1. After a quench of 
the interactions from a ≈ add to a ≈ abg, we statistically investigated the 
pattern-formation time and the lifetime of these patterns (Fig. 2d). We 
repeated this measurement 13 times and found statistically that the 
pattern is fully developed after 7 ms, and has a 1/e lifetime of about 
300 ms. The decay of the droplet structure is accompanied by a decrease 
in the number of atoms, with a 1/e lifetime of about 130 ms, while the 
residual thermal cloud is constant. Owing to the decreasing number 
of atoms, the structures evolve back to lower numbers of droplets, Nd, 
until they merge back into one droplet (insets of Fig. 2d). In compari-
son, because we measured lifetimes of a non-structured BEC of more 
than 5 s, we assume increased three-body losses as a reason for the 
reduced lifetime. One indication of this is the measured atomic peak 
density for droplets of n ! 5 × 1020 m−3, which is greater than the den-
sity of a BEC, n ≈ 1020 m−3.

To explore the nature of this instability, we performed the following 
experimental sequence, depicted in Fig. 3a. We prepared the BEC close 
to the Feshbach resonance with a ≈ add and ramped the magnetic field 
linearly to varying values near the instability point. We ensured that the 
structures were formed within 10 ms, even for values of the magnetic 
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Figure 1 | Growth of a microscopic droplet crystal. a, Schematic of the 
experimental procedure. We prepared a stable, strongly dipolar Dy BEC 
with a ≈ add in a pancake-shaped trap (left). By decreasing the scattering 
length a, we induced an instability close to a ≈ abg. Following this 
instability, the atoms clustered to droplets in a triangular pattern (right). 
b, Representative single samples of droplet patterns imaged in situ, with 
droplet numbers, Nd, ranging from two to ten. c, We used a set of 112 
realizations with different numbers of droplets and atoms for a statistical 
analysis. The plot shows the mean number of atoms as a function of the 
number of droplets Nd, with error bars indicating the standard deviation. 
The fitted linear relation (grey dashed line) has a slope of 1,750(300) atoms 
per droplet. This shows that increasing the number of atoms results in 
growth of the microscopic droplet crystal.
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In Fig. 1b, we show typical in situ images of the resultant triangular 
patterns for the quantum ferrofluid with different numbers of droplets, 
Nd, ranging from two to ten. To analyse the average number of atoms 

per droplet, we count the number of droplets Nd in relation to the total 
number of atoms. Figure 1c indicates a linear dependence between Nd 
and the number of atoms, with a slope of 1,750(300) atoms per droplet. 
For Nd = 2, we observe a droplet distance of d = 3.0(4) µm. The droplets, 
which have a large effective dipole moment of Ndµ, strongly repel each 
other while the radial trapping applies a restoring force. Hence, the dis-
tance d can be calculated using a simplified one-dimensional classical 
system by minimizing the energy of the system.

We assume two strongly dipolar particles with 1,750 times the mass 
and magnetic moment of a Dy atom that are confined in a harmonic 
trap. For our experimental parameters, these particles minimize their 
energy with a distance of d = 3.3 µm, in agreement with the observed 
distance. For Nd > 2, the droplets arrange mostly in triangular struc-
tures, and form a microscopic crystal with a droplet distance of 
d = 2–3 µm. Owing to the isotropy of the repulsion between droplets 
in the radial plane, we expect the triangular configuration to have the 
lowest energy. Because of the repelling dipolar force between the drop-
lets, we observe in the radial direction nearly round, discrete droplets 
with possible weak overlap to neighbouring ones.

Comparing our quantum ferrofluid with a classical ferrofluid, very 
similar behaviour and patterns have been observed on a superhydro-
phobic surface3. In this classical-ferrofluid system, a single droplet 
first deforms as the external magnetic field increases, and then divides 
into two droplets when some critical field is reached. For a quantum 
ferrofluid, a single droplet should be unstable for a < add, owing to 
the attractive part of the dipolar interaction, and so should collapse. 
Although, the counteracting quantum pressure—the zero-point energy 
that exists as a result of an external trapping potential—can compen-
sate attraction and prevent collapse26, mean field calculations18 predict 
this not to be the case. Our observation of stable droplet ensembles 
is therefore striking, and further work is needed to understand their 
stability. A possible stabilizing effect is that of quantum fluctuations, 
leading to beyond mean-field effects27. Such stabilization has been sug-
gested in a similar situation of competing attraction and repulsion28, 
and an increased effect of quantum fluctuations has been calculated 
for strongly dipolar gases29.

As further quantitative statistical analysis, we computed the 
Fourier spectrum S(k) of the obtained images (Fig. 2a–c). The pat-
terns are visible as a local maximum in S(k) at finite momentum 
k = 2π/d ≈ 2.5 µm−1, whereas the spectrum of a BEC monotonically 
decreases with k. We define the spectral weight
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which is a quantity that represents the strength of the structured states, 
and normalize it such that a BEC has SWBEC = 1. After a quench of 
the interactions from a ≈ add to a ≈ abg, we statistically investigated the 
pattern-formation time and the lifetime of these patterns (Fig. 2d). We 
repeated this measurement 13 times and found statistically that the 
pattern is fully developed after 7 ms, and has a 1/e lifetime of about 
300 ms. The decay of the droplet structure is accompanied by a decrease 
in the number of atoms, with a 1/e lifetime of about 130 ms, while the 
residual thermal cloud is constant. Owing to the decreasing number 
of atoms, the structures evolve back to lower numbers of droplets, Nd, 
until they merge back into one droplet (insets of Fig. 2d). In compari-
son, because we measured lifetimes of a non-structured BEC of more 
than 5 s, we assume increased three-body losses as a reason for the 
reduced lifetime. One indication of this is the measured atomic peak 
density for droplets of n ! 5 × 1020 m−3, which is greater than the den-
sity of a BEC, n ≈ 1020 m−3.

To explore the nature of this instability, we performed the following 
experimental sequence, depicted in Fig. 3a. We prepared the BEC close 
to the Feshbach resonance with a ≈ add and ramped the magnetic field 
linearly to varying values near the instability point. We ensured that the 
structures were formed within 10 ms, even for values of the magnetic 
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Figure 1 | Growth of a microscopic droplet crystal. a, Schematic of the 
experimental procedure. We prepared a stable, strongly dipolar Dy BEC 
with a ≈ add in a pancake-shaped trap (left). By decreasing the scattering 
length a, we induced an instability close to a ≈ abg. Following this 
instability, the atoms clustered to droplets in a triangular pattern (right). 
b, Representative single samples of droplet patterns imaged in situ, with 
droplet numbers, Nd, ranging from two to ten. c, We used a set of 112 
realizations with different numbers of droplets and atoms for a statistical 
analysis. The plot shows the mean number of atoms as a function of the 
number of droplets Nd, with error bars indicating the standard deviation. 
The fitted linear relation (grey dashed line) has a slope of 1,750(300) atoms 
per droplet. This shows that increasing the number of atoms results in 
growth of the microscopic droplet crystal.
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In Fig. 1b, we show typical in situ images of the resultant triangular 
patterns for the quantum ferrofluid with different numbers of droplets, 
Nd, ranging from two to ten. To analyse the average number of atoms 

per droplet, we count the number of droplets Nd in relation to the total 
number of atoms. Figure 1c indicates a linear dependence between Nd 
and the number of atoms, with a slope of 1,750(300) atoms per droplet. 
For Nd = 2, we observe a droplet distance of d = 3.0(4) µm. The droplets, 
which have a large effective dipole moment of Ndµ, strongly repel each 
other while the radial trapping applies a restoring force. Hence, the dis-
tance d can be calculated using a simplified one-dimensional classical 
system by minimizing the energy of the system.

We assume two strongly dipolar particles with 1,750 times the mass 
and magnetic moment of a Dy atom that are confined in a harmonic 
trap. For our experimental parameters, these particles minimize their 
energy with a distance of d = 3.3 µm, in agreement with the observed 
distance. For Nd > 2, the droplets arrange mostly in triangular struc-
tures, and form a microscopic crystal with a droplet distance of 
d = 2–3 µm. Owing to the isotropy of the repulsion between droplets 
in the radial plane, we expect the triangular configuration to have the 
lowest energy. Because of the repelling dipolar force between the drop-
lets, we observe in the radial direction nearly round, discrete droplets 
with possible weak overlap to neighbouring ones.

Comparing our quantum ferrofluid with a classical ferrofluid, very 
similar behaviour and patterns have been observed on a superhydro-
phobic surface3. In this classical-ferrofluid system, a single droplet 
first deforms as the external magnetic field increases, and then divides 
into two droplets when some critical field is reached. For a quantum 
ferrofluid, a single droplet should be unstable for a < add, owing to 
the attractive part of the dipolar interaction, and so should collapse. 
Although, the counteracting quantum pressure—the zero-point energy 
that exists as a result of an external trapping potential—can compen-
sate attraction and prevent collapse26, mean field calculations18 predict 
this not to be the case. Our observation of stable droplet ensembles 
is therefore striking, and further work is needed to understand their 
stability. A possible stabilizing effect is that of quantum fluctuations, 
leading to beyond mean-field effects27. Such stabilization has been sug-
gested in a similar situation of competing attraction and repulsion28, 
and an increased effect of quantum fluctuations has been calculated 
for strongly dipolar gases29.

As further quantitative statistical analysis, we computed the 
Fourier spectrum S(k) of the obtained images (Fig. 2a–c). The pat-
terns are visible as a local maximum in S(k) at finite momentum 
k = 2π/d ≈ 2.5 µm−1, whereas the spectrum of a BEC monotonically 
decreases with k. We define the spectral weight
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which is a quantity that represents the strength of the structured states, 
and normalize it such that a BEC has SWBEC = 1. After a quench of 
the interactions from a ≈ add to a ≈ abg, we statistically investigated the 
pattern-formation time and the lifetime of these patterns (Fig. 2d). We 
repeated this measurement 13 times and found statistically that the 
pattern is fully developed after 7 ms, and has a 1/e lifetime of about 
300 ms. The decay of the droplet structure is accompanied by a decrease 
in the number of atoms, with a 1/e lifetime of about 130 ms, while the 
residual thermal cloud is constant. Owing to the decreasing number 
of atoms, the structures evolve back to lower numbers of droplets, Nd, 
until they merge back into one droplet (insets of Fig. 2d). In compari-
son, because we measured lifetimes of a non-structured BEC of more 
than 5 s, we assume increased three-body losses as a reason for the 
reduced lifetime. One indication of this is the measured atomic peak 
density for droplets of n ! 5 × 1020 m−3, which is greater than the den-
sity of a BEC, n ≈ 1020 m−3.

To explore the nature of this instability, we performed the following 
experimental sequence, depicted in Fig. 3a. We prepared the BEC close 
to the Feshbach resonance with a ≈ add and ramped the magnetic field 
linearly to varying values near the instability point. We ensured that the 
structures were formed within 10 ms, even for values of the magnetic 
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Figure 1 | Growth of a microscopic droplet crystal. a, Schematic of the 
experimental procedure. We prepared a stable, strongly dipolar Dy BEC 
with a ≈ add in a pancake-shaped trap (left). By decreasing the scattering 
length a, we induced an instability close to a ≈ abg. Following this 
instability, the atoms clustered to droplets in a triangular pattern (right). 
b, Representative single samples of droplet patterns imaged in situ, with 
droplet numbers, Nd, ranging from two to ten. c, We used a set of 112 
realizations with different numbers of droplets and atoms for a statistical 
analysis. The plot shows the mean number of atoms as a function of the 
number of droplets Nd, with error bars indicating the standard deviation. 
The fitted linear relation (grey dashed line) has a slope of 1,750(300) atoms 
per droplet. This shows that increasing the number of atoms results in 
growth of the microscopic droplet crystal.
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In Fig. 1b, we show typical in situ images of the resultant triangular 
patterns for the quantum ferrofluid with different numbers of droplets, 
Nd, ranging from two to ten. To analyse the average number of atoms 

per droplet, we count the number of droplets Nd in relation to the total 
number of atoms. Figure 1c indicates a linear dependence between Nd 
and the number of atoms, with a slope of 1,750(300) atoms per droplet. 
For Nd = 2, we observe a droplet distance of d = 3.0(4) µm. The droplets, 
which have a large effective dipole moment of Ndµ, strongly repel each 
other while the radial trapping applies a restoring force. Hence, the dis-
tance d can be calculated using a simplified one-dimensional classical 
system by minimizing the energy of the system.

We assume two strongly dipolar particles with 1,750 times the mass 
and magnetic moment of a Dy atom that are confined in a harmonic 
trap. For our experimental parameters, these particles minimize their 
energy with a distance of d = 3.3 µm, in agreement with the observed 
distance. For Nd > 2, the droplets arrange mostly in triangular struc-
tures, and form a microscopic crystal with a droplet distance of 
d = 2–3 µm. Owing to the isotropy of the repulsion between droplets 
in the radial plane, we expect the triangular configuration to have the 
lowest energy. Because of the repelling dipolar force between the drop-
lets, we observe in the radial direction nearly round, discrete droplets 
with possible weak overlap to neighbouring ones.

Comparing our quantum ferrofluid with a classical ferrofluid, very 
similar behaviour and patterns have been observed on a superhydro-
phobic surface3. In this classical-ferrofluid system, a single droplet 
first deforms as the external magnetic field increases, and then divides 
into two droplets when some critical field is reached. For a quantum 
ferrofluid, a single droplet should be unstable for a < add, owing to 
the attractive part of the dipolar interaction, and so should collapse. 
Although, the counteracting quantum pressure—the zero-point energy 
that exists as a result of an external trapping potential—can compen-
sate attraction and prevent collapse26, mean field calculations18 predict 
this not to be the case. Our observation of stable droplet ensembles 
is therefore striking, and further work is needed to understand their 
stability. A possible stabilizing effect is that of quantum fluctuations, 
leading to beyond mean-field effects27. Such stabilization has been sug-
gested in a similar situation of competing attraction and repulsion28, 
and an increased effect of quantum fluctuations has been calculated 
for strongly dipolar gases29.

As further quantitative statistical analysis, we computed the 
Fourier spectrum S(k) of the obtained images (Fig. 2a–c). The pat-
terns are visible as a local maximum in S(k) at finite momentum 
k = 2π/d ≈ 2.5 µm−1, whereas the spectrum of a BEC monotonically 
decreases with k. We define the spectral weight
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which is a quantity that represents the strength of the structured states, 
and normalize it such that a BEC has SWBEC = 1. After a quench of 
the interactions from a ≈ add to a ≈ abg, we statistically investigated the 
pattern-formation time and the lifetime of these patterns (Fig. 2d). We 
repeated this measurement 13 times and found statistically that the 
pattern is fully developed after 7 ms, and has a 1/e lifetime of about 
300 ms. The decay of the droplet structure is accompanied by a decrease 
in the number of atoms, with a 1/e lifetime of about 130 ms, while the 
residual thermal cloud is constant. Owing to the decreasing number 
of atoms, the structures evolve back to lower numbers of droplets, Nd, 
until they merge back into one droplet (insets of Fig. 2d). In compari-
son, because we measured lifetimes of a non-structured BEC of more 
than 5 s, we assume increased three-body losses as a reason for the 
reduced lifetime. One indication of this is the measured atomic peak 
density for droplets of n ! 5 × 1020 m−3, which is greater than the den-
sity of a BEC, n ≈ 1020 m−3.

To explore the nature of this instability, we performed the following 
experimental sequence, depicted in Fig. 3a. We prepared the BEC close 
to the Feshbach resonance with a ≈ add and ramped the magnetic field 
linearly to varying values near the instability point. We ensured that the 
structures were formed within 10 ms, even for values of the magnetic 
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Figure 1 | Growth of a microscopic droplet crystal. a, Schematic of the 
experimental procedure. We prepared a stable, strongly dipolar Dy BEC 
with a ≈ add in a pancake-shaped trap (left). By decreasing the scattering 
length a, we induced an instability close to a ≈ abg. Following this 
instability, the atoms clustered to droplets in a triangular pattern (right). 
b, Representative single samples of droplet patterns imaged in situ, with 
droplet numbers, Nd, ranging from two to ten. c, We used a set of 112 
realizations with different numbers of droplets and atoms for a statistical 
analysis. The plot shows the mean number of atoms as a function of the 
number of droplets Nd, with error bars indicating the standard deviation. 
The fitted linear relation (grey dashed line) has a slope of 1,750(300) atoms 
per droplet. This shows that increasing the number of atoms results in 
growth of the microscopic droplet crystal.
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In Fig. 1b, we show typical in situ images of the resultant triangular 
patterns for the quantum ferrofluid with different numbers of droplets, 
Nd, ranging from two to ten. To analyse the average number of atoms 

per droplet, we count the number of droplets Nd in relation to the total 
number of atoms. Figure 1c indicates a linear dependence between Nd 
and the number of atoms, with a slope of 1,750(300) atoms per droplet. 
For Nd = 2, we observe a droplet distance of d = 3.0(4) µm. The droplets, 
which have a large effective dipole moment of Ndµ, strongly repel each 
other while the radial trapping applies a restoring force. Hence, the dis-
tance d can be calculated using a simplified one-dimensional classical 
system by minimizing the energy of the system.

We assume two strongly dipolar particles with 1,750 times the mass 
and magnetic moment of a Dy atom that are confined in a harmonic 
trap. For our experimental parameters, these particles minimize their 
energy with a distance of d = 3.3 µm, in agreement with the observed 
distance. For Nd > 2, the droplets arrange mostly in triangular struc-
tures, and form a microscopic crystal with a droplet distance of 
d = 2–3 µm. Owing to the isotropy of the repulsion between droplets 
in the radial plane, we expect the triangular configuration to have the 
lowest energy. Because of the repelling dipolar force between the drop-
lets, we observe in the radial direction nearly round, discrete droplets 
with possible weak overlap to neighbouring ones.

Comparing our quantum ferrofluid with a classical ferrofluid, very 
similar behaviour and patterns have been observed on a superhydro-
phobic surface3. In this classical-ferrofluid system, a single droplet 
first deforms as the external magnetic field increases, and then divides 
into two droplets when some critical field is reached. For a quantum 
ferrofluid, a single droplet should be unstable for a < add, owing to 
the attractive part of the dipolar interaction, and so should collapse. 
Although, the counteracting quantum pressure—the zero-point energy 
that exists as a result of an external trapping potential—can compen-
sate attraction and prevent collapse26, mean field calculations18 predict 
this not to be the case. Our observation of stable droplet ensembles 
is therefore striking, and further work is needed to understand their 
stability. A possible stabilizing effect is that of quantum fluctuations, 
leading to beyond mean-field effects27. Such stabilization has been sug-
gested in a similar situation of competing attraction and repulsion28, 
and an increased effect of quantum fluctuations has been calculated 
for strongly dipolar gases29.

As further quantitative statistical analysis, we computed the 
Fourier spectrum S(k) of the obtained images (Fig. 2a–c). The pat-
terns are visible as a local maximum in S(k) at finite momentum 
k = 2π/d ≈ 2.5 µm−1, whereas the spectrum of a BEC monotonically 
decreases with k. We define the spectral weight
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which is a quantity that represents the strength of the structured states, 
and normalize it such that a BEC has SWBEC = 1. After a quench of 
the interactions from a ≈ add to a ≈ abg, we statistically investigated the 
pattern-formation time and the lifetime of these patterns (Fig. 2d). We 
repeated this measurement 13 times and found statistically that the 
pattern is fully developed after 7 ms, and has a 1/e lifetime of about 
300 ms. The decay of the droplet structure is accompanied by a decrease 
in the number of atoms, with a 1/e lifetime of about 130 ms, while the 
residual thermal cloud is constant. Owing to the decreasing number 
of atoms, the structures evolve back to lower numbers of droplets, Nd, 
until they merge back into one droplet (insets of Fig. 2d). In compari-
son, because we measured lifetimes of a non-structured BEC of more 
than 5 s, we assume increased three-body losses as a reason for the 
reduced lifetime. One indication of this is the measured atomic peak 
density for droplets of n ! 5 × 1020 m−3, which is greater than the den-
sity of a BEC, n ≈ 1020 m−3.

To explore the nature of this instability, we performed the following 
experimental sequence, depicted in Fig. 3a. We prepared the BEC close 
to the Feshbach resonance with a ≈ add and ramped the magnetic field 
linearly to varying values near the instability point. We ensured that the 
structures were formed within 10 ms, even for values of the magnetic 
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Figure 1 | Growth of a microscopic droplet crystal. a, Schematic of the 
experimental procedure. We prepared a stable, strongly dipolar Dy BEC 
with a ≈ add in a pancake-shaped trap (left). By decreasing the scattering 
length a, we induced an instability close to a ≈ abg. Following this 
instability, the atoms clustered to droplets in a triangular pattern (right). 
b, Representative single samples of droplet patterns imaged in situ, with 
droplet numbers, Nd, ranging from two to ten. c, We used a set of 112 
realizations with different numbers of droplets and atoms for a statistical 
analysis. The plot shows the mean number of atoms as a function of the 
number of droplets Nd, with error bars indicating the standard deviation. 
The fitted linear relation (grey dashed line) has a slope of 1,750(300) atoms 
per droplet. This shows that increasing the number of atoms results in 
growth of the microscopic droplet crystal.
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it arises purely from intrinsic interactions.
In view of the recent discovery of supersolidity in ultra-

cold dipolar atomic gases [8–14], we consider a system of
N = 30 000 162Dy atoms, in an harmonic potential with
trapping frequencies !trap = 2⇡ (30, 90, 110)Hz, where
the magnetic field is aligned along the y-direction. It is
the same system we considered in our previous work [13],
where we investigated in detail the low-energy Goldstone
mode and proved the system’s supersolidity, including
phase rigidity.

Such a system is described by the extended Gross-
Pitaevskii equation (eGPE) [8, 30–32]

ih̄@t = HGP , (1)

where we define HGP := H0+g| |2+�dip[ ]+gqf | |3 and
 is normalized to the atom number N =

R
d3r | (r)|2.

H0 = h̄
2r2

/2m + Vext contains the kinetic energy and
trap confinement Vext(r) = m(!2

xx
2 + !

2

yy
2 + !

2

zz
2)/2.

The contact interaction strength g = 4⇡h̄2
as/m is given

by the scattering length as and the dipolar mean field po-
tential �dip by the dipolar length add = µ0µ

2

m
m/(12⇡h̄2)

(add ⇡ 130 a0 for 162Dy), where µm is the magnetic mo-
ment. Within the local density approximation, quantum
fluctuations are taken into account by the term gqf | |3,
which is the Lee-Huang-Yang (LHY) correction [33] for
dipolar systems [34, 35], necessary to prevent the dipolar
collapse [36, 37]. First, we perform imaginary time evolu-
tion of Eq. (1) to find the ground state  0. We obtain, as
a function of the scattering length a regular BEC, a su-
persolid or an array of isolated droplets, as schematically
shown at the top of Fig. 1.

In order to study the elementary excitations, we follow
Refs. [8, 38–42] and shortly review the BdG equations
here. We linearize the wavefunction  (r, t) = [ 0(r) +
�(u(r)e�i!t + v

⇤(r)ei!t)]e�iµt/h̄ around its ground state
 0 with the Bogoliubov amplitudes u and v, oscillating at
a frequency !/2⇡ as a small pertubation with amplitude
�. µ is the chemical potential and u, v are normalized
by

R
d3r (u(r)2�v(r)2) = 1. Substituting the expression

for  in Eq. 1 and retaining terms up to linear order in
� yields a system of linear equations that can be neatly
expressed in matrix form
✓
HGP � µ+ X̂ X̂

�X̂ �(HGP � µ+ X̂)

◆✓
u

v

◆
= h̄!

✓
u

v

◆
,

(2)
where the operator X̂ [41, 42] is defined by its action on
either function � = u, v in the supplementary material
[32]. X̂ contains the contact and dipolar interactions,
as well as quantum fluctuations. It is essential to note
here that our system intrinsically requires all three con-
tributions, as a BEC with only contact and dipolar in-
teractions in our parameter region of scattering lengths
would collapse. Only through the stabilization with be-
yond mean-field e↵ects given by the LHY correction, the
droplet phase can exist [36, 37, 43].

By solving Eq. (2) for di↵erent scattering lengths
across the BEC-supersolid phase transition, we gain in-

Isolated droplets

FIG. 1. The excitation frequencies !/2⇡ of the eight lowest
BdG modes as a function of the scattering length as. Red
(blue) triangles with a side facing up (down) indicate that
the density variation function of the corresponding mode has
odd (even) parity. The background color indicates the ra-
tio between density in between central and side droplets and
peak density of the center droplet, as a simple measure of the
superfluid fraction [10, 13]. The vertical dashed line indicates
the position of the phase transition. On top, we show density
profiles in the x-z-plane for the isolated droplets (left), coher-
ent supersolid droplets (middle) and BEC (right) regime.

sight into the energetic and spatial character of the
elementary excitations in the self-organized supersolid
regime. The excitation energies as a function of the scat-
tering length are shown in Fig. 1. Here we focus on the
low-lying modes, in particular the eight lowest, which are
decoupled from the y- and z-direction and mainly feature
an excitation along the droplet array. It is instructive to
label the energy branches by the corresponding mode’s
parity as even (odd), if the corresponding function that
describes the density fluctuation is a symmetric (anti-
symmetric) function along the direction of the droplet
array [32]. The mode parity is essential in understanding
the spectrum. As a function of one interaction parameter
(in our case the scattering length as), energy levels with
modes of opposite parity are allowed to cross each other,
while energy levels with modes of equal parity hybridize,
leading to avoided crossings and level repulsion [44, 45].
To distinguish the superfluid and supersolid phases,

we look at the droplet density overlap, as defined in our
previous works [10, 13] through the ratio of density in be-
tween central and side droplets and peak density in the
central droplet, which is shown as the blue background
in Fig. 1 (noted as min/max ratio). One can also think of
this quantity as an inverse measure of the density mod-
ulation strength, which is connected to the superfluid
fraction. In Fig. 1, we indicate the phase transition by
a dashed line for clarity. Let us now begin by consid-
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FIG. 2. Ground state phase diagrams depicting (a) the contrast C
and (b) the superfluid fraction fs. Discontinuities reveal three dif-
ferent ground state unit cell geometries, which we denote triangu-
lar, stripe, and honeycomb (example states marked → are shown in
Fig. 3). Above the black melting line, the uniform unmodulated state
has the lowest energy (note that in this phase, C = 0 and fs = 1).
The roton boundary (red line) meets the uniform state only at the
critical point (red circle). Results for 164Dy using add = 130.8a0,
with ωz/2ε = 72.4 Hz.

Eq. (17) we obtain

⊋
m
ω
→
1(x) = vx

(
1→ cs

|ε0(x)|2

)
, (19)

where the integration constant cs = L[
∫
ucdx/|ε0(x)|2]↑1 is

determined by the periodicity requirement for ω1.1 Evaluating
Eq. (15) with this result, we obtain that the superfluid fraction
tensor is diagonal with

fs,xx = cs, fs,yy = 1. (20)

1 Note that this constant has a form analogous to those of the Leggett bounds,
shown as Eqs. (A5) & (A7) of Ref. [42], which are exact measures of the
superfluidity in 1D or when the wave function is separable [11, 42].
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FIG. 3. Selected modulated ground-states as indicated on the phase
diagrams in Fig. 2 with →. Isosurfaces at 50% (red) and 25%
(blue) of the peak density. Parameters for the ground-states are
(a) (na2

dd, as/add) ↑ (0.0959, 0.750), (b) (0.144, 0.765), (c)
(0.192, 0.780), (d) (0.0844, 0.780), (e) (0.0985, 0.782), and (f)
(0.123, 0.785).

For nonzero contrast, cs < 1 and the superfluid tensor is
anisotropic, reflecting a difference in the tendency of the sys-
tem to resist motion parallel and perpendicular to the stripes.

For the results in Fig. 2(b) we use the smallest superfluid
fraction for the stripe state (i.e., taking fs = fs,xx). We
observe that generally the superfluid fractions of the triangu-
lar and honeycomb phases are higher relative to fs,xx for the
stripe phase. It is interesting to contrast these results against
the 2D soft-core system: there, the triangular state is the only
modulated phase, with stripe and honeycomb states always
being metastable excited states [21]2. This serves to empha-
size the richness of the planar dipolar system. Additionally,
the metastable stripe state in the soft-core system tends to have
a higher superfluid fraction (along the modulated direction)
than the triangular state for the same parameters [45].

C. Critical point

In the phase diagram we find that the different ground
states are separated by first-order phase transitions, with a
continuous critical point where all four phases meet. Our
physical parameters for this phase diagram are the same as
those used in Ref. [13], and we find the critical point at
(ncrita

2
dd, as,crit/add) ↑ (0.0978, 0.784). This is slightly

lower in density and scattering length than the value of
(0.110, 0.793) found in [13], and is likely due to our varia-
tional treatment of the axial direction. In Sec. IV A we also

2 A finite moving frame velocity can favor a stripe ground state [19].
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FIG. 3. Selected modulated ground states as indicated on the
phase diagrams in Fig. 2 with ×. Isosurfaces at 50% (red)
and 25% (blue) of the peak density. Parameters for the ground
states are (a) (na2

dd, as/add ) ≈ (0.0959, 0.750), (b) (0.144,0.765),
(c) (0.192,0.780), (d) (0.0844,0.780), (e) (0.0985,0.782), and (f)
(0.123,0.785).

so that a uniform state would yield a contrast of C = 0, a state
for which the planar density n|ψ |2 somewhere goes to zero
yields C = 1 and a crystalline state has C > 0. Using the dif-
ferent unit cell treatments we assess which of the uniform or
various geometry modulated states have the lowest energy. At
high scattering length the ground state is a uniform (unmod-
ulated) BEC, but as the scattering length decreases, a melting
line is crossed and the system transitions to one of three modu-
lated states, examples of which are shown in Fig. 3. In addition
to the stripe state [Fig. 3(b)], the ground state in the triangular
cell can be a triangular array of (droplet-like) density maxima
[Fig. 3(a)] or a honeycomb configuration [Fig. 3(c)]. The
honeycomb state is often similar to an inversion of the density
of the triangular state. The work of Ref. [13] found triangular
and honeycomb phases for the system we consider here.

B. Superfluidity

In Fig. 2(b) we present results for the superfluid fraction
across the phase diagram. The superfluid fraction is unity in
the uniform phase and remains high in the modulated phases
sufficiently close to the melting line. In the triangular and
honeycomb phases, the superfluid fraction tensor is isotropic,
such that fs,i j = fsδi j (e.g., see Refs. [45,46]). In the stripe
phase, the superfluid fraction can be calculated analytically:
from Eq. (17) we obtain

h̄
m

φ′
1(x) = vx

(
1 − cs

|ψ0(x)|2

)
, (19)

where the integration constant cs = L[
∫

ucdx/|ψ0(x)|2]−1 is
determined by the periodicity requirement for φ1.1 Evaluating

1Note that this constant has a form analogous to those of the Leggett
bounds, shown as Eqs. (A5) and (A7) of Ref. [42], which are exact

Eq. (15) with this result, we obtain that the superfluid fraction
tensor is diagonal with

fs,xx = cs, fs,yy = 1. (20)

For nonzero contrast, cs < 1 and the superfluid tensor is
anisotropic, reflecting a difference in the tendency of the sys-
tem to resist motion parallel and perpendicular to the stripes.

For the results in Fig. 2(b) we use the smallest superfluid
fraction for the stripe state (i.e., taking fs = fs,xx). We observe
that generally the superfluid fractions of the triangular and
honeycomb phases are higher relative to fs,xx for the stripe
phase. It is interesting to contrast these results against the
2D soft-core system: there, the triangular state is the only
modulated phase, with stripe and honeycomb states always
being metastable excited states [21].2 This serves to empha-
size the richness of the planar dipolar system. Additionally,
the metastable stripe state in the soft-core system tends to have
a higher superfluid fraction (along the modulated direction)
than the triangular state for the same parameters [45].

C. Critical point

In the phase diagram we find that the different ground
states are separated by first-order phase transitions, with a
continuous critical point where all four phases meet. Our
physical parameters for this phase diagram are the same as
those used in Ref. [13] and we find the critical point at
(ncrita2

dd, as,crit/add ) ≈ (0.0978, 0.784). This is slightly lower
in density and scattering length than the value of (0.110,0.793)
found in Ref. [13], and is likely due to our variational treat-
ment of the axial direction. In Sec. IV A we also consider
a Thomas-Fermi approximation for the axial direction and
identify the critical point within that approximation.

In Fig. 4(a) we present results for the contrast and su-
perfluid density along the melting line [i.e., along the black
line in Figs. 2(a) and 2(b)] over a density region containing
the critical point. Approaching the critical point the contrast
vanishes and the superfluid fraction approaches unity, such
that the transition to the uniform state is continuous at this
point.

D. Roton softening

The quasiparticle excitations of a ground state described
by the eGPE can be obtained by solving the Bogoliubov–de
Gennes equations (e.g., see Refs. [47]). For the uniform BEC
state the excitations are plane waves and with a dispersion
relation

ϵ(kρ ) =

√
h̄2k2

ρ

2m
&(kρ ), (21)

where

&(kρ ) =
h̄2k2

ρ

2m
+ 2nŨσ (kρ ) + 3gQFn3/2. (22)

measures of the superfluidity in one dimension or when the wave
function is separable [11,42].

2A finite moving frame velocity can favor a stripe ground state [19].
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One transverse sound branch

Two longitudinal sound branches


• Excitations: waves on the supersolid. 


• Exhibits band structure 


• Calculated using numerically (Bogoliubov 
de-Gennes Eqns)


• Three sound branches (isotropic)


• Expected from general arguments of 
symmetry breaking                                
[H. Watanabe et al., PRD (2012)] 


Can we develop understanding 
of the excitations beyond large 
scale calculations?

Cf. Hydrodynamics for a superfluid

(Bulk modulus) 
compressibility

superfluid density

Speed of sound  cs = ρsαρρ/m

ℏ2 ( 1
αρρ

∂2

∂t2 − ρs

m
∇2) ϕ = 0

Can we similarly 
analyze a supersolid?

1. Supersolid hydrodynamics and 
homogenized theories: 

Andreev, Saslow, Son, Dorsey, 
Rica, Zwerger,….. 
2. Microscopic calculations; 
Meanfield, QMC of soft-core, 
dipolar BECs,…:

Rica, Pohl, Boninsegni, 
Ancilotto,…..
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Our work: microscopic comparison 
estalishing supersolid hydrodynamics for 
1D soft-core and dipolar (2024); 2D dipolar 
(2025); 2D anisotropic dipolar (2026); 

* DKK Lee 2D soft-core (2024); Recati/Stringari: 
dipolar supersolid dynamics comparisons (2024).


Context 



To determine wavefunction  which minimises the energy density:


 


•  unit cell (uc) area with planar lattice vectors 

•  is the superfluid velocity, imposing twisted periodic boundary conditions  




•  specified ave. areal density:


  

ψ(x)

ℰ(ρ, a1, a2, v) = 1
A ∫uc

dx ψ* (Tv + Hz+ 1
2 Φ+ 2

5 γQF |ψ |3 ) ψ

A {a1, a2}, A = |a1 × a2 |
v
ψ(x + aj) = ψ(x)eiv⋅aj

ρ

∫uc
dx |ψ |2 = ρA

Calculations 

Tv = (−iℏ∇⊥ + mv)2

2m
Hz = − ℏ2

2m
∂2

∂z2 + 1
2 mω2

z z2 Φ(x) = ∫ dx′ U(x − x′ ) |ψ(x′ ) |2

Planar kinetic energy Axial single particle energy 2-body interactions

a1

a2
Unit cell/computational domain. 

Need to vary  in addition to 
minimising over 

{a1, a2}
ψ



Ground states and excitations

Tv = (−iℏ∇⊥ + mv)2

2m
Hz = − ℏ2

2m
∂2

∂z2 + 1
2 mω2

z z2 Φ(x) = ∫ dx′ U(x − x′ ) |ψ(x′ ) |2

Planar kinetic energy Axial single particle energy 2-body interactions

ℒψ = μψ
Time-independent Gross-Pitaevskii Equation (GPE)

ℒ = T0 + Hz + Φ + γQFψ3

Ψ(x, t) = e−iμt/ℏ[ψ(x) + ∑
νq

{cνquνq(x)e−iωνqt − c*νqv*νq(x)eiω*νqt}]
Linearize the time-dependent GPE to determine normal modes:

Bogoliubov-de Genes Equation (BdG)

(ℒ + X − μ −X
X −(ℒ + X − μ)) (uνq

vνq) = ℏωνq (uνq
vνq)

Xf = ψ∫dx′ U(x−x′ )f(x′ )ψ(x′ ) + 3
2 γQFψ3 f

(Incl Optimise unit cell)
fs,ij = 1

mρ
∂2ℰ

∂vi∂vj

Superfluid tensor

Descrete translational symm.: excitations 
have well-defined quasi-momentum

BdG difficult to solve for  excitations to determine sound speeds;  M. Xie, Y. Zhang, J. Comp.  Phys. (2026)q → 0



The low-energy Goldstone mode in a trapped dipolar supersolid

Mingyang Guo⇤,1, Fabian Böttcher⇤,1, Jens Hertkorn⇤,1, Jan-Niklas Schmidt1, Matthias Wenzel1, Hans Peter Büchler2,
Tim Langen1 & Tilman Pfau1
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15. Physikalisches Institut and Center for Integrated Quan-
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waldring 57, 70569 Stuttgart, Germany
2Institute for Theoretical Physics III and Center for In-
tegrated Quantum Science and Technology, Universität
Stuttgart, Pfaffenwaldring 57, 70569 Stuttgart, Germany

A supersolid is a counter-intuitive state of matter that

combines the frictionless flow of a superfluid with the

crystal-like periodic density modulation of a solid
1, 2

.

Since the first prediction in the 1950s
3
, experimental ef-

forts to realize this state have focussed mainly on He-

lium, where supersolidity remains elusive
4
. Recently, su-

persolidity has also been studied intensively in ultracold

quantum gases, and some of its defining properties have

been induced in spin-orbit coupled Bose-Einstein conden-

sates (BECs)
5

and BECs coupled to two crossed optical

cavities
6, 7

. However, the periodicity of the crystals in both

systems is fixed to the wavelength of the applied periodic

optical potentials. Recently, hallmark properties of a su-

persolid – the periodic density modulation and simulta-

neous global phase coherence – have been observed in

arrays of dipolar quantum droplets
8–10

, where the crys-

tallization happens in a self-organized manner due to in-

trinsic interactions. In this letter, we prove the genuine

supersolid nature of these droplet arrays by directly ob-

serving the low-energy Goldstone mode. The dynamics

of this mode is reminiscent of the effect of second sound

in other superfluid systems
11, 12

and features an out-of-

phase oscillation of the crystal array and the superfluid

density. This mode exists only due to the phase rigidity of

the experimentally realized state, and therefore confirms

the genuine superfluidity of the supersolid.

Symmetry breaking is a crucial concept for describ-
ing phase transitions in particle13 and condensed matter
physics14, 15. A spontaneous symmetry breaking occurs when
the Hamiltonian of a system is invariant with respect to a cer-
tain symmetry while the equilibrium ground state is not. An
additional order parameter is therefore necessary to describe
the system. A broken continuous symmetry, like e.g. transla-
tional invariance or the U(1) symmetry associated with parti-
cle number conservation, leads to two types of collective ex-
citations called the Goldstone16 and Higgs17 modes. These
modes can usually be identified from the resulting effective
potential that has the shape of a mexican hat with respect
to the order parameter18. A schematic example is shown in
Fig. 1a. In this effective potential the gapless Goldstone16

and the gapped Higgs17 mode correspond to the phase and
amplitude modulation of the complex order parameter at long
wavelengths, respectively. In Fig. 1b & c, we schemati-
cally show the Goldstone and Higgs mode after breaking

δA

δϕ

a b

c

Figure 1: Goldstone and Higgs modes arising from the

broken continuous translational symmetry in an infinite

supersolid. a, Effective potential of an ordered phase as a
function of the complex order parameter. Higgs and Gold-
stone modes correspond to amplitude �A and phase �� mod-
ulation of the order parameter  = Aei�. The gapless Gold-
stone mode leads to a degeneracy of the ground state. b & c,
Illustration of the Higgs and Goldstone modes for a broken
continuous translational symmetry in an infinite system, for
which the modes correspond to an amplitude modulation and
a spatial shift of the crystal structure.

the continuous translational symmetry for an infinite sys-
tem, in which they correspond to a spatial shift (phonons)
and an amplitude oscillation of the periodic density modu-
lation. Both Goldstone and Higgs modes have successfully
been observed using spectroscopic methods in various plat-
forms including superfluid helium19, solid-state systems20–22

and ultracold quantum gases6, 23–26.

A quantum mechanical ground state that simultane-
ously breaks the global U(1) symmetry and the continuous
translational symmetry is the long-sought supersolid. One
promising system to realize supersolidity are dipolar quan-
tum gases, which inherently feature a preferred length scale
for a periodic density modulation due to their roton-like dis-
persion relation27–29. For increasingly dominant dipolar in-
teractions, the roton mode softens and finally becomes imag-
inary, at which point mean-field theory predicts a collapse.
However, this collapse is prevented by beyond mean-field
effects leading to stable quantum droplets30–34. Supersolid
ground states formed by arrays of these droplets have then
been proposed for suitably chosen combinations of confine-
ment and scattering length33, 35. Following this, arrays of
quantum droplets featuring supersolid properties – specif-
ically the crystalline density modulation and global phase
coherence – have recently been realized experimentally8–10.
Distinct from spin-orbit coupled BECs5 and BECs cou-
pled to two crossed optical cavities6, 7, spatial ordering of
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System Symmetry Nambu-
Goldstone mode

Fluid Galilean Phonon

Solid Translation Phonon(s)

BEC/
Superfluid

U(1) (Phase) Phonon

• Description of  long-wavelength properties 
of a system in terms slow fields.


• These arise from:

Conservation laws 

Broken symmetries

Hydrodynamics

superfluid velocity:

vs = ℏ

m ∇ϕ

normal velocity:

vn = ·u

density: ρ + δρ
Number conservation

slow/hydrodynamic fields

phase:  ϕ
U(1) symm. 

displacement: 
u
2D translational symm.

u(ρ)



Relevant Elastic properties

density: ρ + δρ phase: ϕdisplacement:  u

PBB PRL (2025); L. Platt et al., PRA (2024); E. Poli et al., PRA (2024); M. Rakic et al., PRR (2024)

How does a supersolid respond to changes in these fields?

Bulk modulus 
(Fluid compressibility)

αρρ = ∂2E
∂ρ2

Elastic tensor (isotropic)

(Solid complessibility) 

 

   First Lamé parameter

   Shear modulus

Cijkl = λδijδkl + μ(δikδjl + δilδjk)
λ
μ

Cijkl = ∂2E
∂ϵij∂ϵkl

ϵij ≡ 1
2 (∂iuj + ∂jui)

Sym. strain tensor:

Mixed density-strain 
term (small)

αρu = ∂2E
∂ρ∂ϵxx

→ γ

Superfluid tensor 
(isotropic) 

fij = 1
mρ

∂2E
∂vs,i∂vs,j

fij = fs δij

Restrict attention to isotropic triangular/honeycomb phases



Calculating elastic 
parameters 

x

y

a1

a2

3

(a)
a0

1

a0

2

(b) 0xx a0

1

a0

2

(c) 0yy a0

1

a0

2

(d) 0xy

3. Strain the unit cell
2. Vary the boundary conditions/velocity

1. Change the density/number of atoms

αρρ = ∂2E
∂ρ2

Cijkl = ∂2E
∂ϵij∂ϵkl

fij = 1
mρ

∂2E
∂vs,i∂vs,j

αρu = ∂2E
∂ρ∂ϵxx

→ γ

Ground state energy 
density (per area) from 
single cell 

E(ρ, a1, a2, vs)

4. Mixed differences

…from ground state calculations



Supersolid Lagrangian
Starting from the Supersolid Lagrangian:

DT Son PRL 2005; Yoo & Dorsey PRB 2010

Supersolid Hydrodynamics

October 19, 2025

1 Full Lagrangian and elastic parameters

1.1 Lagrangian

Start from the full Lagrangian for a 2D supersolid:

L(ωε,ϑ,u) = →⊋ωεϖtϑ→ ε
⊋2
2m

(ϖiϑ)
2 → ϱωε ςii →

1

2
φωω(ωε)

2
(1)

+
1

2
mεn

(
ϖtui →

⊋
m
ϖiϑ

)(
ϖtuj →

⊋
m
ϖjϑ

)
→ 1

2
Cijklςijςkl (2)

Here

ςij ↑ 1
2 (ϖiuj + ϖjui), (3)

is the elastic strain tensor.

1.2 Elastic parameters

The elastic parameters are defined by:

φωω ↑ϖ2E
ϖε2

,

ϱij ↑
ϖ2E

ϖεϖςij
,

Cijkl ↑
ϖ2E

ϖςijϖςkl
,

εs,ij ↑
1

m

ϖ2E
ϖviϖvj

with εn,ij = εωij → εs,ij ,

where E is the total system energy density, and v is the ground state velocity.

2 Reduced Lagrangian
Because the Lagrangian does not depend on any derivatives of ωε, the coresponding Euler-Lagrange equation assotiated with this

variable is trivial, and allows use to eliminate ωε using ωε = →(⊋ϖtϑ+ ϱijςij)/φωω. The Lagrangian becomes:

L(ϑ,u) = ⊋2
2φωω

(ϖtϑ)
2 → ε

⊋2
2m

(ϖiϑ)
2 +

1

2
mεn,ij

(
ϖtui →

⊋
m
ϖiϑ

)(
ϖtuj →

⊋
m
ϖjϑ

)
(4)

+ ⊋ ϱij
φωω

ϖtϑ ςij +
ϱijϱkl
2φωω

→ Eel,rot

This could also be written as
1
:

L(ϑ,u) = ⊋2
2φωω

(ϖtϑ)
2 → εs,ij

⊋2
2m

(ϖiϑϖjϑ) +
1

2
mεn,ijϖtuiϖtuj → ⊋ε̃ijϖtuiϖjϑ→ 1

2
C̃ijklςijςkl

where we have introduced the renormalized parameters.

C̃ijkl ↑ Cijkl →
1

φωω
ϱijϱkl,

ε̃ij ↑
(
εn,ij →

1

φωω
ϱji

)
,

1
Here we transform the term ⊋ ωij

εωω
ωtεϑij → ⊋

2
ωij

εωω
[ωtujωiε + ωtuiωjε]. To do this we use ωi(ujωtε) = ωiujωtε + ujωitε and integration by parts,

neglecting the total spatial derivative. Similarly, then using ωt(ujωiε) = ωtujωiε+ ujωitε.

1

Supersolid Hydrodynamics

October 19, 2025

1 Full Lagrangian and elastic parameters

1.1 Lagrangian

Start from the full Lagrangian for a 2D supersolid:

L(ωε,ϑ,u) = →⊋ωεϖtϑ→ ε
⊋2
2m

(ϖiϑ)
2 → ϱωε ςii →

1

2
φωω(ωε)

2
(1)

+
1

2
mεn

(
ϖtui →

⊋
m
ϖiϑ

)(
ϖtuj →

⊋
m
ϖjϑ

)
→ 1

2
Cijklςijςkl (2)

Here

ςij ↑ 1
2 (ϖiuj + ϖjui), (3)

is the elastic strain tensor.

1.2 Elastic parameters

The elastic parameters are defined by:

φωω ↑ϖ2E
ϖε2

,

ϱij ↑
ϖ2E

ϖεϖςij
,

Cijkl ↑
ϖ2E

ϖςijϖςkl
,

εs,ij ↑
1

m

ϖ2E
ϖviϖvj

with εn,ij = εωij → εs,ij ,

where E is the total system energy density, and v is the ground state velocity.

2 Reduced Lagrangian
Because the Lagrangian does not depend on any derivatives of ωε, the coresponding Euler-Lagrange equation assotiated with this

variable is trivial, and allows use to eliminate ωε using ωε = →(⊋ϖtϑ+ ϱςii)/φωω. The Lagrangian becomes:

L(ϑ,u) = ⊋2
2φωω

(ϖtϑ)
2 → ε

⊋2
2m

(ϖiϑ)
2 +

1

2
mεn

(
ϖtui →

⊋
m
ϖiϑ

)(
ϖtuj →

⊋
m
ϖjϑ

)
(4)

+ ⊋ ϱ

φωω
ϖtϑ ςij +

ϱ2

2φωω
→ Eel,rot

This could also be written as
1
:

L(ϑ,u) = ⊋2
2φωω

(ϖtϑ)
2 → εs

⊋2
2m

(ϖiϑ)
2 +

1

2
mεn,ij(ϖtui)

2 → ⊋ε̃ϖtuiϖjϑ→ 1

2
C̃ijklςijςkl

where we have introduced the renormalized parameters.

C̃ijkl ↑ Cijkl →
ϱ2

φωω
ωijωkl,

ε̃ ↑ εn → ϱ

φωω
,

1
Here we transform the term ⊋ ωij

εωω
ωtεϑij → ⊋

2
ωij

εωω
[ωtujωiε + ωtuiωjε]. To do this we use ωi(ujωtε) = ωiujωtε + ujωitε and integration by parts,

neglecting the total spatial derivative. Similarly, then using ωt(ujωiε) = ωtujωiε+ ujωitε.

1

One E-L equation trivial:                                                can eliminate .   δρ
Reduced Lagrangian

Supersolid Hydrodynamics

October 19, 2025

1 Full Lagrangian and elastic parameters

1.1 Lagrangian

Start from the full Lagrangian for a 2D supersolid:

L(ωε,ϑ,u) = →⊋ωεϖtϑ→ ε
⊋2
2m

(ϖiϑ)
2 → ϱωε ςii →

1

2
φωω(ωε)

2
(1)

+
1

2
mεn

(
ϖtui →

⊋
m
ϖiϑ

)(
ϖtuj →

⊋
m
ϖjϑ

)
→ 1

2
Cijklςijςkl (2)

Here

ςij ↑ 1
2 (ϖiuj + ϖjui), (3)

is the elastic strain tensor.

1.2 Elastic parameters

The elastic parameters are defined by:

φωω ↑ϖ2E
ϖε2

,

ϱij ↑
ϖ2E

ϖεϖςij
,

Cijkl ↑
ϖ2E

ϖςijϖςkl
,

εs,ij ↑
1

m

ϖ2E
ϖviϖvj

with εn,ij = εωij → εs,ij ,

where E is the total system energy density, and v is the ground state velocity.

2 Reduced Lagrangian
Because the Lagrangian does not depend on any derivatives of ωε, the coresponding Euler-Lagrange equation assotiated with this

variable is trivial, and allows use to eliminate ωε using ωε = →(⊋ϖtϑ+ ϱςii)/φωω. The Lagrangian becomes:

L(ϑ,u) = ⊋2
2φωω

(ϖtϑ)
2 → ε

⊋2
2m

(ϖiϑ)
2 +

1

2
mεn

(
ϖtui →

⊋
m
ϖiϑ

)(
ϖtuj →

⊋
m
ϖjϑ

)
(4)

+ ⊋ ϱ

φωω
ϖtϑ ςij +

ϱ2

2φωω
→ Eel,rot

This could also be written as
1
:

L(ϑ,u) = ⊋2
2φωω

(ϖtϑ)
2 → εs

⊋2
2m

(ϖiϑ)
2 +

1

2
mεn(ϖtui)

2 → ⊋ε̃ϖtuiϖjϑ→ 1

2
C̃ijklςijςkl

where we have introduced the renormalized parameters.

C̃ijkl ↑ Cijkl →
ϱ2

φωω
ωijωkl,

ε̃ ↑ εn → ϱ

φωω
,

1
Here we transform the term ⊋ ωij

εωω
ωtεϑij → ⊋

2
ωij

εωω
[ωtujωiε + ωtuiωjε]. To do this we use ωi(ujωtε) = ωiujωtε + ujωitε and integration by parts,

neglecting the total spatial derivative. Similarly, then using ωt(ujωiε) = ωtujωiε+ ujωitε.

1

Renormalized elastic parameters:

Supersolid Hydrodynamics

October 19, 2025

1 Full Lagrangian and elastic parameters

1.1 Lagrangian

Start from the full Lagrangian for a 2D supersolid:

L(ωε,ϑ,u) = →⊋ωεϖtϑ→ ε
⊋2
2m

(ϖiϑ)
2 → ϱωε ςii →

1

2
φωω(ωε)

2
(1)

+
1

2
mεn

(
ϖtui →

⊋
m
ϖiϑ

)(
ϖtuj →

⊋
m
ϖjϑ

)
→ 1

2
Cijklςijςkl (2)

Here

ςij ↑ 1
2 (ϖiuj + ϖjui), (3)

is the elastic strain tensor.

1.2 Elastic parameters

The elastic parameters are defined by:

φωω ↑ϖ2E
ϖε2

,

ϱij ↑
ϖ2E

ϖεϖςij
,

Cijkl ↑
ϖ2E

ϖςijϖςkl
,

εs,ij ↑
1

m

ϖ2E
ϖviϖvj

with εn,ij = εωij → εs,ij ,

where E is the total system energy density, and v is the ground state velocity.

2 Reduced Lagrangian
Because the Lagrangian does not depend on any derivatives of ωε, the coresponding Euler-Lagrange equation assotiated with this

variable is trivial, and allows use to eliminate ωε using ωε = →(⊋ϖtϑ+ ϱςii)/φωω. The Lagrangian becomes:

L(ϑ,u) = ⊋2
2φωω

(ϖtϑ)
2 → ε

⊋2
2m

(ϖiϑ)
2 +

1

2
mεn

(
ϖtui →

⊋
m
ϖiϑ

)(
ϖtuj →

⊋
m
ϖjϑ

)
(4)

+ ⊋ ϱ

φωω
ϖtϑ ςij +

ϱ2

2φωω
→ Eel,rot

This could also be written as
1
:

L(ϑ,u) = ⊋2
2φωω

(ϖtϑ)
2 → εs

⊋2
2m

(ϖiϑ)
2 +

1

2
mεn(ϖtui)

2 → ⊋ε̃ϖtuiϖjϑ→ 1

2
C̃ijklςijςkl

where we have introduced the renormalized parameters.

C̃ijkl ↑ Cijkl →
ϱ2

φωω
ωijωkl,

ε̃ ↑ εn → ϱ

φωω
,

1
Here we transform the term ⊋ ωij

εωω
ωtεϑij → ⊋

2
ωij

εωω
[ωtujωiε + ωtuiωjε]. To do this we use ωi(ujωtε) = ωiujωtε + ujωitε and integration by parts,

neglecting the total spatial derivative. Similarly, then using ωt(ujωiε) = ωtujωiε+ ujωitε.

1

i.e. → λ̃ = λ − γ2/αρρ



Equations of Motion and sound

3 Euler-Lagrange Equations

3.1 Isotropic case

For an isotropic system we can simplify using:

ωij = ωεij , (5)

ϑs,ij = ϑsεij , ϑn,ij = ϑnεij , ϑ̃ij = (ϑn → ω)εij = ϑ̃εij , (6)

Cijkl = ϖεijεkl + µ(εikεjl + εilεjk), (7)

C̃ijkl =

(
ϖ→ ω2

ϱωω

)
εijεkl + µ(εikεjl + εilεjk), (8)

This allows us to write:

⊋2
ϱωω

ς2
t φ→ ⊋2ϑs

m
↑2φ = ⊋ϑ̃ ςt(→ · u), (9)

mϑnς
2
t u→ µ→2u→ (ϖ̃+ µ)→→ · u = ⊋ϑ̃ ςt(→φ) (10)

4 Planewave equations
Setting φ = φεeiq·ω→iϑt

, u = uεeiq·ω→iϑt
, and looking for solutions of the Euler-Lagrange equations, we obtain the linear system

MQε = 0 , where Qε = [φε ,uε ]T , and

M =

(
Mϖϖ Mϖu

Muϖ Muu

)
. (11)

For the isotropic case of Eqs. (9) and (10) this becomes:

Mϖϖ =
⊋2
m

ϑsq
2 → ⊋2

ϱωω
↼2 =

⊋2
m

(ϑsq
2 →mϑ2↽↼2) (12)

Mϖu = →⊋↼ϑ̃q = MT
uϖ, (13)

Muu =

(
(ϖ̃+ 2µ)q2x + µq2y →mϑn↼2 (µ+ ϖ̃)qxqy

(µ+ ϖ̃)qxqy µq2x + (ϖ̃+ 2µ)q2y →mϑn,yy↼2

)
, (14)

↓ Muu = (µ+ ϖ̃)qTq+ (µq2 →m↼2ϑn)I2 (15)

5 Speeds of sound

5.1 Standard 2↔ 2 solution

For there to be a nontrivial solution the matrix M must be singular, i.e. det(M) = 0. In general this is a cubic condition that does

not yield convenient analytic solutions. However, for special cases we can decouple the problem in 2 ↔ 2 and 1 ↔ 1 systems. The

2↔ 2 system generally takes the form:

M2↑2 =

(⊋2

m ϑs,εεq2ε → ⊋2ϑ2↽↼2 →⊋ϑ̃εε↼qε
→⊋ϑ̃εε↼qε Cϱq2ε →mϑn,εε↼2

)
(16)

We can rewrite this by row scaling
2

and defining: c2 ↗ ↼/q2ε , c
2
s ↗ ϑs,εε/mϑ2↽, c2L ↗ Cϱ/mϑn,εε , c2ω̃ ↗ ϑ̃2εε/mϑ2↽ϑn,εε . The singular

condition is now

det (M2↑2) = (c2 → c2s)(c
2 → c2L)→ c2c2ω̃ = 0. (17)

Clearly if the coupling cω̃ = 0 the solution is trivial, but in general we have the two solutions:

c± =
1

2

[
c2s + c2L + c2ω̃ ±

√
(c2s + c2L + c2ω̃)

2 → 4c2sc
2
L

]
. (18)

To analyse the planewave solutions use that the transverse displacement wave: ut = utq̂↓ gives Muuut = (µq2 → m↼2ϑn)ut,

while Mϖuut = 0, so it decouples from the φ component. Thus we have (µq2 →m↼2ϑn) = 0, yielding

ct =

√
µ

mϑn
.

2
Dividing the first row by ⊋2ω2εq2ω and the second row by mωn,ωωq2ω .
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1 Full Lagrangian and elastic parameters

1.1 Lagrangian

Start from the full Lagrangian for a 2D supersolid:

L(ωε,ϑ,u) = →⊋ωεϖtϑ→ ε
⊋2
2m

(ϖiϑ)
2 → ϱωε ςii →

1

2
φωω(ωε)

2
(1)

+
1

2
mεn

(
ϖtui →

⊋
m
ϖiϑ

)(
ϖtuj →

⊋
m
ϖjϑ

)
→ 1

2
Cijklςijςkl (2)

Here

ςij ↑ 1
2 (ϖiuj + ϖjui), (3)

is the elastic strain tensor.

1.2 Elastic parameters

The elastic parameters are defined by:

φωω ↑ϖ2E
ϖε2

,

ϱij ↑
ϖ2E

ϖεϖςij
,

Cijkl ↑
ϖ2E

ϖςijϖςkl
,

εs,ij ↑
1

m

ϖ2E
ϖviϖvj

with εn,ij = εωij → εs,ij ,

where E is the total system energy density, and v is the ground state velocity.

2 Reduced Lagrangian
Because the Lagrangian does not depend on any derivatives of ωε, the coresponding Euler-Lagrange equation assotiated with this

variable is trivial, and allows use to eliminate ωε using ωε = →(⊋ϖtϑ+ ϱςii)/φωω. The Lagrangian becomes:

L(ϑ,u) = ⊋2
2φωω

(ϖtϑ)
2 → ε

⊋2
2m

(ϖiϑ)
2 +

1

2
mεn

(
ϖtui →

⊋
m
ϖiϑ

)(
ϖtuj →

⊋
m
ϖjϑ

)
(4)

+ ⊋ ϱ

φωω
ϖtϑ ςij +

ϱ2

2φωω
→ Eel,rot

This could also be written as
1
:

L(ϑ,u) = ⊋2
2φωω

(ϖtϑ)
2 → εs

⊋2
2m

(ϖiϑ)
2 +

1

2
mεn(ϖtui)

2 → ⊋ε̃ϖtuiϖjϑ→ 1

2
C̃ijklςijςkl

where we have introduced the renormalized parameters.

C̃ijkl ↑ Cijkl →
ϱ2

φωω
ωijωkl,

ε̃ ↑ εn → ϱ

φωω
,

1
Here we transform the term ⊋ ωij

εωω
ωtεϑij → ⊋

2
ωij

εωω
[ωtujωiε + ωtuiωjε]. To do this we use ωi(ujωtε) = ωiujωtε + ujωitε and integration by parts,

neglecting the total spatial derivative. Similarly, then using ωt(ujωiε) = ωtujωiε+ ujωitε.

1

Euler-Lagrange Eqs

Normal component coupling 
between superfluid and 
crystal  c2

ρ̃ = ρ̃2αρρ/mρn

Two Supersolid Longitudinal sounds: first & second sound

3 Euler-Lagrange Equations

3.1 Isotropic case
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ϖ→ ω2

ϱωω

)
εijεkl + µ(εikεjl + εilεjk), (8)
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⊋2
ϱωω

ς2
t φ→ ⊋2ϑs

m
↑2φ = ⊋ϑ̃ ςt(→ · u), (9)

mϑnς
2
t u→ µ→2u→ (ϖ̃+ µ)→→ · u = ⊋ϑ̃ ςt(→φ) (10)

4 Planewave equations
Setting φ = φεeiq·ω→iϑt

, u = uεeiq·ω→iϑt
, and looking for solutions of the Euler-Lagrange equations, we obtain the linear system

MQε = 0 , where Qε = [φε ,uε ]T , and

M =

(
Mϖϖ Mϖu

Muϖ Muu

)
. (11)
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⊋2
m

ϑsq
2 → ⊋2

ϱωω
↼2 =

⊋2
m

(ϑsq
2 →mϑ2↽↼2) (12)

Mϖu = →⊋↼ϑ̃q = MT
uϖ, (13)
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(ϖ̃+ 2µ)q2x + µq2y →mϑn↼2 (µ+ ϖ̃)qxqy

(µ+ ϖ̃)qxqy µq2x + (ϖ̃+ 2µ)q2y →mϑn,yy↼2

)
, (14)

↓ Muu = (µ+ ϖ̃)qTq+ (µq2 →m↼2ϑn)I2 (15)

5 Speeds of sound
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then the purely-deformed density profile is given by

ωu(x) = ω0 (x→ u(x))(1→ εxu(x)), (43)

where the first factor describes the displaced density profile
and second factor adjusts the envelope of density profile to
keep the atom number per cell constant. The change in cell
width, i.e. strain, leads to a change in density across the sys-
tem, giving rise to the lattice strain density fluctuation. Fourier
transforming ϑωu(x) ↑ ωu(x) → ω0(x) for a single quasipar-
ticle yields [cf. Eq. (41)]

ϑϖ̃u,ωq = →iqϖuωqL, (44)

and ϑϖ̃u,ω→q = ϑϖ̃
↑
u,ωq as the nonzero contributions in the first

Brillouin zone. In Eq. (44) L is the length of the x region
integrated over.

We illustrate the lattice strain density fluctuation construc-
tion in Fig. 6. Using the identified deformation field u(x)
[Fig. 6(b)], in Fig. 6(a) we show the purely-deformed den-
sity profile ωu(x), with associated density fluctuation shown
in Fig. 6(c).

C. Defect density fluctuations

In Fig. 6(a) we observe that while the maxima and minima
of the density ω(x) (i.e. lattice distortion) coincide with those
of ωu(x), these functions are not identical. The difference
arises from the tunnelling of particles between sites, leading
to a change in the atom number per site. This is generally re-
ferred to as the defect density [14, 17, 18], and can be defined
as ω!(x) = ω(x)→ ωu(x), or equivalently

ϑϖ̃!,ωq = ϑω̃ωq → ϑω̃u,ωq. (45)

We illustrate the defect density fluctuation in Fig. 6(c).

D. Density fluctuations of lowest bands

The decomposition of the total density fluctuation into
strain and defect contributions is compared for an example
case in Fig. 6(c). Here we see that the strain and defect den-
sities have a relatively large amplitude and are out of phase,
such that the total density fluctuation is small. This behav-
ior of the lattice straining in the opposite sense to the flow
of atoms in the lowest gapless band reveals a general prop-
erty of the lowest energy band we have used as an example
in Fig. 6(a)-(c). Similar behavior has been observed in exper-
iments with dipolar supersolids as a low frequency Nambu-
Goldstone excitation [5, 10, 11].

It is useful to define the quantities

Sε,ω(q) =
|ϑϖ̃ωq|2

N
, (46)

Su,ω(q) =
|ϑϖ̃u,ωq|2

N
, (47)

S!,ω(q) =
|ϑϖ̃!,ωq|2

N
, (48)

to characterise the strength of the total density, strain den-
sity and defect density fluctuations, arising from the excitation
with quantum numbers ϱ and q, where N = Lϖ. We note that
Sε(q) =

∑
ω Sε,ω(q) is the usual static structure factor, and

that aspects of the static and dynamical structure factors for
the dipolar supersolid have been discussed in Refs. [5, 12, 37].

In Fig. 6(c) we show the dispersion relations, and in
Fig. 6(e)-(g) the related fluctuation strengths introduced in
Eq. (46)-(48), for the lowest two gapless bands of a dipolar
supersolid. The lowest band (ϱ = →, blue) has strong strain
and defect density fluctuations as q ↓ 0, but these are out-of-
phase, leading to a small total density fluctuation. The second
band (ϱ = +, red) has weak defect density fluctuations, and
the strain density fluctuation makes the dominant contribution
to the total density fluctuation. Hence the second band can be
considered a crystal-like excitation, consistent with the con-
clusions from the linear-chain model presented in Sec. IV D.
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FIG. 7. Strengths of the hydrodynamic regime density fluctuations
for a dipolar supersolid. (a) ω→o results (solid lines) compared to
limq↑0 2So,→(q)/q (markers) for the various density fluctuations.
(b) ω+o results (solid lines) compared against limq↑0 2So,+(q)/q
(markers). In both subplots we show ωω for reference. In (b) the
results from (a) are repeated as light dash-dot lines. Other parame-
ters as in Fig. 2

The hydrodynamic description (5) also allows the calcula-
tion of the density correlation functions (see [18]). In particu-
lar, our interest is in the imaginary part of the density response

First sound (fast)

Density fluctuation correlation 
lengths  ⟨δρ2

ν ⟩ ∼ qξν

Defect density fluctuation δρΔ

Atom tunneling

Strain density fluctuation δρu

Site displacement
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then the purely-deformed density profile is given by

ωu(x) = ω0 (x→ u(x))(1→ εxu(x)), (43)

where the first factor describes the displaced density profile
and second factor adjusts the envelope of density profile to
keep the atom number per cell constant. The change in cell
width, i.e. strain, leads to a change in density across the sys-
tem, giving rise to the lattice strain density fluctuation. Fourier
transforming ϑωu(x) ↑ ωu(x) → ω0(x) for a single quasipar-
ticle yields [cf. Eq. (41)]

ϑϖ̃u,ωq = →iqϖuωqL, (44)

and ϑϖ̃u,ω→q = ϑϖ̃
↑
u,ωq as the nonzero contributions in the first

Brillouin zone. In Eq. (44) L is the length of the x region
integrated over.

We illustrate the lattice strain density fluctuation construc-
tion in Fig. 6. Using the identified deformation field u(x)
[Fig. 6(b)], in Fig. 6(a) we show the purely-deformed den-
sity profile ωu(x), with associated density fluctuation shown
in Fig. 6(c).

C. Defect density fluctuations

In Fig. 6(a) we observe that while the maxima and minima
of the density ω(x) (i.e. lattice distortion) coincide with those
of ωu(x), these functions are not identical. The difference
arises from the tunnelling of particles between sites, leading
to a change in the atom number per site. This is generally re-
ferred to as the defect density [14, 17, 18], and can be defined
as ω!(x) = ω(x)→ ωu(x), or equivalently

ϑϖ̃!,ωq = ϑω̃ωq → ϑω̃u,ωq. (45)

We illustrate the defect density fluctuation in Fig. 6(c).

D. Density fluctuations of lowest bands

The decomposition of the total density fluctuation into
strain and defect contributions is compared for an example
case in Fig. 6(c). Here we see that the strain and defect den-
sities have a relatively large amplitude and are out of phase,
such that the total density fluctuation is small. This behav-
ior of the lattice straining in the opposite sense to the flow
of atoms in the lowest gapless band reveals a general prop-
erty of the lowest energy band we have used as an example
in Fig. 6(a)-(c). Similar behavior has been observed in exper-
iments with dipolar supersolids as a low frequency Nambu-
Goldstone excitation [5, 10, 11].

It is useful to define the quantities

Sε,ω(q) =
|ϑϖ̃ωq|2

N
, (46)

Su,ω(q) =
|ϑϖ̃u,ωq|2

N
, (47)

S!,ω(q) =
|ϑϖ̃!,ωq|2

N
, (48)

to characterise the strength of the total density, strain den-
sity and defect density fluctuations, arising from the excitation
with quantum numbers ϱ and q, where N = Lϖ. We note that
Sε(q) =

∑
ω Sε,ω(q) is the usual static structure factor, and

that aspects of the static and dynamical structure factors for
the dipolar supersolid have been discussed in Refs. [5, 12, 37].

In Fig. 6(c) we show the dispersion relations, and in
Fig. 6(e)-(g) the related fluctuation strengths introduced in
Eq. (46)-(48), for the lowest two gapless bands of a dipolar
supersolid. The lowest band (ϱ = →, blue) has strong strain
and defect density fluctuations as q ↓ 0, but these are out-of-
phase, leading to a small total density fluctuation. The second
band (ϱ = +, red) has weak defect density fluctuations, and
the strain density fluctuation makes the dominant contribution
to the total density fluctuation. Hence the second band can be
considered a crystal-like excitation, consistent with the con-
clusions from the linear-chain model presented in Sec. IV D.
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The hydrodynamic description (5) also allows the calcula-
tion of the density correlation functions (see [18]). In particu-
lar, our interest is in the imaginary part of the density response

Second sound (slow)

Uniform BEC Supersolid

Platt et al., PRA (2024); Yoo et al., PRB (2010)

Out-of-phase defect 
and strain waves

Longitudinal waves contribute to density fluctuationsThese results are also analytically 
determined by hydrodynamics



• Intro to dipolar supersolids

• Rich ground state phase diagram

• Band structure  sound

• Hydrodynamic theory: slow fields, elastic parameters

•  Overview of dynamics and future directions

→

Summary 

4

FIG. 2. Ground state phase diagrams depicting (a) the contrast C
and (b) the superfluid fraction fs. Discontinuities reveal three dif-
ferent ground state unit cell geometries, which we denote triangu-
lar, stripe, and honeycomb (example states marked → are shown in
Fig. 3). Above the black melting line, the uniform unmodulated state
has the lowest energy (note that in this phase, C = 0 and fs = 1).
The roton boundary (red line) meets the uniform state only at the
critical point (red circle). Results for 164Dy using add = 130.8a0,
with ωz/2ε = 72.4 Hz.

Eq. (17) we obtain

⊋
m
ω
→
1(x) = vx

(
1→ cs

|ε0(x)|2

)
, (19)

where the integration constant cs = L[
∫
ucdx/|ε0(x)|2]↑1 is

determined by the periodicity requirement for ω1.1 Evaluating
Eq. (15) with this result, we obtain that the superfluid fraction
tensor is diagonal with

fs,xx = cs, fs,yy = 1. (20)

1 Note that this constant has a form analogous to those of the Leggett bounds,
shown as Eqs. (A5) & (A7) of Ref. [42], which are exact measures of the
superfluidity in 1D or when the wave function is separable [11, 42].

(a) (b) (c)

Triangular Stripe Honeycomb

(d) (e) (f)

1

FIG. 3. Selected modulated ground-states as indicated on the phase
diagrams in Fig. 2 with →. Isosurfaces at 50% (red) and 25%
(blue) of the peak density. Parameters for the ground-states are
(a) (na2

dd, as/add) ↑ (0.0959, 0.750), (b) (0.144, 0.765), (c)
(0.192, 0.780), (d) (0.0844, 0.780), (e) (0.0985, 0.782), and (f)
(0.123, 0.785).

For nonzero contrast, cs < 1 and the superfluid tensor is
anisotropic, reflecting a difference in the tendency of the sys-
tem to resist motion parallel and perpendicular to the stripes.

For the results in Fig. 2(b) we use the smallest superfluid
fraction for the stripe state (i.e., taking fs = fs,xx). We
observe that generally the superfluid fractions of the triangu-
lar and honeycomb phases are higher relative to fs,xx for the
stripe phase. It is interesting to contrast these results against
the 2D soft-core system: there, the triangular state is the only
modulated phase, with stripe and honeycomb states always
being metastable excited states [21]2. This serves to empha-
size the richness of the planar dipolar system. Additionally,
the metastable stripe state in the soft-core system tends to have
a higher superfluid fraction (along the modulated direction)
than the triangular state for the same parameters [45].

C. Critical point

In the phase diagram we find that the different ground
states are separated by first-order phase transitions, with a
continuous critical point where all four phases meet. Our
physical parameters for this phase diagram are the same as
those used in Ref. [13], and we find the critical point at
(ncrita

2
dd, as,crit/add) ↑ (0.0978, 0.784). This is slightly

lower in density and scattering length than the value of
(0.110, 0.793) found in [13], and is likely due to our varia-
tional treatment of the axial direction. In Sec. IV A we also

2 A finite moving frame velocity can favor a stripe ground state [19].
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lar, stripe, and honeycomb (example states marked → are shown in
Fig. 3). Above the black melting line, the uniform unmodulated state
has the lowest energy (note that in this phase, C = 0 and fs = 1).
The roton boundary (red line) meets the uniform state only at the
critical point (red circle). Results for 164Dy using add = 130.8a0,
with ωz/2ε = 72.4 Hz.

Eq. (17) we obtain

⊋
m
ω
→
1(x) = vx

(
1→ cs

|ε0(x)|2

)
, (19)

where the integration constant cs = L[
∫
ucdx/|ε0(x)|2]↑1 is

determined by the periodicity requirement for ω1.1 Evaluating
Eq. (15) with this result, we obtain that the superfluid fraction
tensor is diagonal with

fs,xx = cs, fs,yy = 1. (20)

1 Note that this constant has a form analogous to those of the Leggett bounds,
shown as Eqs. (A5) & (A7) of Ref. [42], which are exact measures of the
superfluidity in 1D or when the wave function is separable [11, 42].

(a) (b) (c)

Triangular Stripe Honeycomb

(d) (e) (f)

1

FIG. 3. Selected modulated ground-states as indicated on the phase
diagrams in Fig. 2 with →. Isosurfaces at 50% (red) and 25%
(blue) of the peak density. Parameters for the ground-states are
(a) (na2

dd, as/add) ↑ (0.0959, 0.750), (b) (0.144, 0.765), (c)
(0.192, 0.780), (d) (0.0844, 0.780), (e) (0.0985, 0.782), and (f)
(0.123, 0.785).

For nonzero contrast, cs < 1 and the superfluid tensor is
anisotropic, reflecting a difference in the tendency of the sys-
tem to resist motion parallel and perpendicular to the stripes.

For the results in Fig. 2(b) we use the smallest superfluid
fraction for the stripe state (i.e., taking fs = fs,xx). We
observe that generally the superfluid fractions of the triangu-
lar and honeycomb phases are higher relative to fs,xx for the
stripe phase. It is interesting to contrast these results against
the 2D soft-core system: there, the triangular state is the only
modulated phase, with stripe and honeycomb states always
being metastable excited states [21]2. This serves to empha-
size the richness of the planar dipolar system. Additionally,
the metastable stripe state in the soft-core system tends to have
a higher superfluid fraction (along the modulated direction)
than the triangular state for the same parameters [45].

C. Critical point

In the phase diagram we find that the different ground
states are separated by first-order phase transitions, with a
continuous critical point where all four phases meet. Our
physical parameters for this phase diagram are the same as
those used in Ref. [13], and we find the critical point at
(ncrita

2
dd, as,crit/add) ↑ (0.0978, 0.784). This is slightly

lower in density and scattering length than the value of
(0.110, 0.793) found in [13], and is likely due to our varia-
tional treatment of the axial direction. In Sec. IV A we also

2 A finite moving frame velocity can favor a stripe ground state [19].
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